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Abstract

This is the first paper of a three-part series in which we develop a theory of con-
formal blocks for C>-cofinite vertex operator algebras (VOAs) that are not necessarily
rational. The ultimate goal of this series is to prove a sewing-factorization theorem
(and in particular, a factorization formula) for conformal blocks over holomorphic
families of compact Riemann surfaces, associated to grading-restricted generalized
modules of Cs-cofinite VOAs.

In this paper, we prove that if V = @, V(n) is a Cy-cofinite VOA, if X is a
compact Riemann surface with N incoming and M outgoing marked points, each
equipped with a local coordinate, and if W is a grading-restricted generalized V®V-
module, then the “dual fusion product” (Nx(W),J) satisfying a natural universal
property exists. Here, Nx(W) is a grading-restricted V®¥-module, and the linear
functional J : W ®¢ Nx (W) — C is a conformal block associated to X. Indeed, we
prove a more general version of this result without assuming V to be Cs-cofinite. Our
main method is the propagation of partial conformal blocks, a generalization of the
standard propagation of conformal blocks.

Assuming that V is Cs-cofinite, our (dual) fusion product recovers known con-
structions in genus-zero cases: When N = 2, M = 1, our (dual) fusion product agrees
with that of Huang-Lepowsky-Zhang. When N = 1, M = 2, our dual fusion product
coincides with Li’s regular representations.

Contents

0 Introduction 2
0.1 Sewing-factorization in the rationalworld . . . . . ... ... ... ... ... 3
0.2 Sewing-factorization beyond rationality . . . ... ... ... ... .. ..., 5
0.3 The sewing-factorization theorem for C>-cofinite VOAs . . . . . . .. .. .. 6
0.4 Self-sewing regained; the factorization formula . . . . . ... ... ... ... 8
0.5 Construction of the dual fusion product Ny (W) . .. ... ... ... .. .. 9
0.A Notations . . . . . .. ... . . 13

1 Vertex operator algebras and conformal blocks 16
1.1 Vertex operator algebras and theirmodules . . . . ... ... ......... 16
1.2 Admissible Vi x --- xVy-modules. . . . .. ... .. ... ... ... .... 17
1.3 Changeofcoordinate . . . ... ... ... .. ... ... . . 19



1.4 Sheaves of VOAs for compact Riemann surfaces . . . . ... ... ... ...
1.5 Conformal blocks for compact Riemann surfaces . . . . ... ... ......
1.6 Sheaves of VOAs for families of compact Riemann surfaces . . . . . ... ..
1.7 Conformal blocks for families of compact Riemann surfaces . .. ... ...

2 Sewing and propagation of partial conformal blocks
2.1 Partial conformal blocks for compact Riemann surfaces . . . . ... ... ..
2.2 Partial conformal blocks for families of compact Riemann surfaces . . . . .
2.3 Sewing partial conformalblocks . . . ... ... ... .. .. 000
2.4 The main example of sewing related to propagation . . . ... ... ... ..
2.5 Propagation of partial conformal blocks . . . . ... ... ... .. .. ...,
2.6 Double propagation. . . . ... ... ... ... .. L

3 Dual fusion products
31 Nx(W)isaweak VM-module . .........................
3.2 The canonical conformal block J associated toNx(W) . . ... ... ... ..
3.3 Universal property of (Nx(W),J) . . ... .. .. .. . ... ..
3.4 Cy-cofiniteness implies dim 7, (W) <400, . ... ... .. ... ..

3.5 (Cy-cofiniteness implies that Ny (W) is a grading-restricted V®M-module . .

A Modulesof Vi x -+ xVyandV;® - -®Vy
A.1 Admissible (i.e. NV-gradable) and N-gradable modules . . . ... ... ...
A2 GeneralizedVi®:---®@Vy-modules . . ... ... ... .. ... ... ....

B A geometric construction of higher level Zhu algebras
B.1 Preliminary .. ... ... ... . ... ...
B.2 Construction of A, (V) from the dual fusion productNg(V) . . . . . ... ..
B3 Modulesof Vand A,(V) . . . . . .. .
B.4 Comparison with the classical construction . . . ... ... ... .......

Index

References

0 Introduction

66
67
75

78
78
79
83
85

88

90

Cs-cofiniteness and rationality are two crucial conditions on a vertex operator alge-
bra V. = @,y V(n) that rigourise physicists’ notion of “rational chiral conformal field
theory”. The C>-cofinite condition, introduced in the seminal work [Zhu96], guarantees
that V has finitely many irreducibles (up to equivalence) and that the spaces of conformal
blocks are finite-dimensional. It is also crucial to the proof (using methods from differ-
ential equations) that the sewing of conformal blocks is convergent. See [Zhu96, ANO3,
Miy04, Hua05a, Hua05b, NTO5, Fiol6, DGT24, Gui24a] for instance. If a C>-cofinite VOA



V is also rational, then the genus-1 conformal blocks satisfy a modular invariance prop-
erty [Zhu96, DLM00, Hua05b]. If V is strongly rational (i.e., C>-cofinite, rational, self-
dual, and dim V(0) = 1), then the category Mod (V) of grading-restricted (generalized) V-
modules form a braided tensor category [HL.95a, HL95b, HL95¢, Hua95, Hua05a, NTO5]
which is rigid and modular [Hua08].

Crucial to the proofs and the applications of the above result about Mod(V) is the
proof of sewing-factorization theorem of conformal blocks, mainly in genera 0 and 1. For
instance, the genus 0 sewing-factorization theorem implies that the tensor functor of
Mod(V) satisfies associativity and pentagon axioms, and (together with the braiding
defined by the connections on bundles of conformal blocks) satisfies hexagon axioms
[Hua95, NT05, Hua08]. Modular invariance [Zhu96, DLMO00, Hua05b] is essentially the
sewing-factorization theorem in genus 1, and is the key to proving the rigidity and mod-
ularity of Mod(V).

0.1 Sewing-factorization in the rational world

The goal of this series of papers is to state and prove a sewing-factorization theorem
for conformal blocks associated to C>-cofinite VOAs in the complex-analytic setting. (See
[DGK25, DGK23] for an approach from the algebro-geometric point of view.) We first
give a brief account of this theorem in the special case where V is both Cs-cofinite and
rational. Let

X = (C|m17'--7$N;7]1a"'aﬁNHy/ay”;gaw) (01)

be a compact Riemann surface C' with distinct marked points z1,...,2y,y’,y” € C. Each
7; is a local coordinate of C at x;, i.e. a univalent (i.e. holomorphic and injective) map
from a neighborhood U; of z; to C satisfying n;(x;) = 0. Similarly, £ and w are local
coordinates at ¥’ and y” respectively. We do not assume that C' is connected. But we do
assume that each connected component of C' contains at least one of z1,..., zy.

The pair of points y/,y” are for sewing. Let W’ and W” be neighborhoods of v/, y”
such that {(W’) equals D, = {z € C : |z| < r} and w(W") equals D, for some r, p > 0, and
that z1,...,zy, W', W" are mutually disjoint. Suppose g € D;, = {z € C: 0 < |z| < rp}.
Then we can cut off small closed discs centered at y’ and y”, and glue the remaining parts
of D, and D, via the rule that p’ € D, and p” € D, are identified iff

@ Nw(") = q. (0.2)
In this way, we get a new pointed surface
Sq%:(Cq’l“l;--wJUNS?ha---’??N) (03)

Depending on whether ¢/, y” belong to the same component of C' or not, we call the
sewing either a self-sewing or a disjoint sewing. See Fig. 0.1. (As we will see, at least
in the beginning, self-sewing is not an appropriate consideration for conformal blocks of
irrational VOAs.)

Associate grading-restricted V-modules Wy,... , Wy, MM’ to the marked points
x1,...,zN, Y, y" respectively where M’ is the contragredient module of M. Let W, =
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Figure 0.1 Self-sewing and disjoint sewing

W) ® - ® Wy. Then a conformal block associated of X and W, @ M ® M’ (cf.
[Zhu94, FBZ04]) is a linear functional { : W, @ M ® M’ — C that is “invariant under
the action of V”. (See Def. 1.17 for the precise definition.) Then the (standard) sewing of
1 is defined by taking contraction:

S: W, >C  we—P(we®¢"V—®-) (0.4)

provided that this series about the variable ¢ converges absolutely. (Cf. Sec. 2.3 or
[Gui24a, Sec. 10] for details.)

Remark 0.1. Note that S;1) depends on the choice of the argument arg g. So sometimes it
is more convenient to consider the normalized sewing of \», defined by

Sp:iWe>C  we P(we®¢O— @) (0.5)

where L(0) is a suitable shift of L(0) (or a shift of the semisimple part of L(0) in case
V is not rational and hence L(0) is not necessarily diagonalizable on M) so that L(0) is

diagonalizable on M with eigenvalues in N. Note that S, and §q are equal when ¢ = 1
and arg g = 0. So these two types of sewing are closely related. In the main body of this

paper, we will use §q to deal with the propagation of (partial) conformal blocks. But in
the introduction we stick to ;.

Now we state the sewing-factorization theorem for a Cs-cofinite and rational VOA V.
Let 7 (W, ® M ® M) be the space of conformal blocks associated to X and W, @ M ®
M, which is finite-dimensional [AN03, DGT24]. Likewise, let %’:X(W.) be the space of
conformal blocks associated X and W,. Let £ be a set of representatives of equivalence
classes of irreducible grading restricted V-modules, which is a finite set.

Theorem 0.2 (Sewing-factorization theorem, cf. [Gui24a, Thm. 12.1]). Choose g € Dy, =
{z € C:0 < |z| < rp}. Then we have a well-defined linear map

Sy: P W @MOM') — I x(W.)

Meé&
@D b D) Spbwe

Me& Me&

(0.6)

By “well-defined” we mean that S\ (w.) converges absolutely at q for every w, € W,, and that
the linear functional Sg\png - We — C is a conformal block (i.e., is an element of .Tg' (W)
Moreover, &, is an isomorphism of vector spaces. In particular, we have

> dim ZF (W, @ M@ M') = dim Fg x(W,) 0.7)
Me€&



Remark 0.3. (0.7) is due to [DGT24, Thm. 7.0.1]. See the introduction of [DGT24] for a
brief review of the history of the proof of (0.7). The rest of Thm. 0.2 (namely, the well-
definedness and the injectivity of the linear map &,) is due to [Gui24a, Thm. 12.1] and
does not require V to be rational.

Formula (0.7) is commonly referred to as the factorization property in the literature of
the algebro-geometric approach to conformal blocks (cf. [TUY89, BEM91, NT05]). It gives
an efficient way of computing the dimensions of spaces of conformal blocks by reducing
the genus and the number of marked points on each component. Also, a version of Thm.
0.2 was proved in [DGT24, Thm. 8.5.1] for “infinitesimally small ¢”.

0.2 Sewing-factorization beyond rationality

As pointed out in the introduction of [HLZ14], from the viewpoint of the representa-
tion theory of VOAs, it is unnatural to restrict attention to rational VOAs. In fact, most
of the proof of the sewing-factorization theorem does not rely on the rationality of V, i.e.,
it does not require the grading-restricted V-modules to be completely reducible. The as-
sumption of rationality appears to be more of a technical convenience than an essential
requirement of the proof. Moreover, there are important C»-cofinite irrational VOAs, such
as the triplet W-algebras [AMO08], their tensor products, and their subalgebras fixed by fi-
nite solvable automorphism groups [Miy15]. Thus, it is natural to consider generalizing
the sewing-factorization theorem to C-cofinite VOAs that are not necessarily rational.

So now we assume that V is C>-cofinite but not necessarily rational. By Rem. 0.3,
S, is still well-defined and is injective. But &, is not necessarily surjectice. Thus we
only have “<” in (0.7). For instance, if we let M be a grading-restricted V-module which
is not completely reducible, and if we choose { € 7¥ (W, ® M ® M), then S is an
element of .7;¥ (W, ) which is not necessarily in the range of &,. Thus, a preliminary step
to understanding the sewing-factorization property is to answer the following question:

Question 0.4. Is T +(W.) spanned by elements of the form Sq\p wherep € T3 (W, @M@M’)
and M is a grading-restricted V-module?

The answer is known in the low genus cases:

Case 1. If X is the disjoint union of ; = (P';0,21,00) and Po = (P*;0, 22,0) (Where
21, 22 € C are non-zero) and if the sewing is along the point 0 of *; and o of B,
(so that S,X is a sphere), then Question 0.4 is answered affirmatively by [HLZ14,
HLZ12a]-[HLZ12g].

Case 2. If X is (P';0, z,00) where z # 0, and if the sewing is along 0, c (so that S,X is
a torus), then the answer to Question 0.4 is negative, as suggested by the replace-
ment of traces with pseudo-traces in the study of the modular invariance of genus
1 conformal blocks in [Miy04, AN13].

It is surprising that the answer to Question 0.4 depends on the type of the sewing: In
Case 1, the sewing is disjoint, and in Case 2, the sewing is a self-sewing (cf. Fig. 0.1).
Worse still, the pseudo-trace construction in Case 2 seems to lack a geometric meaning.
On the other hand, [Gui21], though focusing mainly on the rational case, suggests that
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the genus 0 conformal blocks of permutation-twisted V®¥-modules (which are not nec-
essarily of the form W; ® - - - ® Wy or a direct sum of such modules !) should correspond
to higher genus conformal blocks of untwisted V-modules via a branched covering of
PL. This correspondence gives us a hint on how to generalize the sewing-factorization
property in Case 1 to the disjoint sewing of higher genus surfaces. Motivated by these
observations, we outline below several key features that our sewing-factorization theory
for Cy-cofinite VOAs is designed to satisfy.

R1. Itis easy to see why the rational version (i.e. Thm. 0.2) is a special case of our theory.

R2.  Our theory will generalize both Case 1 (Huang-Lepowsky-Zhang’s vertex tensor
category theory) and Case 2 (Miyamoto’s pseudo-trace theory). In particular, it will
give the pseudo-trace construction in [Miy04] or [AN13] a geometric explanation.!

R3. Self-sewing will not be considered. Only disjoint sewing is allowed. To compensate,
we also consider disjoint sewing along several pairs of points (cf. Fig. 0.2).

R4. We consider a grading-restricted V®¥-module not necessarily tensor-factorizable
(cf. [Gui21]), i.e., not necessarily a direct sum of those of the form W; ® --- @ Wy
where each W; is a grading-restricted V-module. (This consideration is closely re-
lated to the pseudo-trace mentioned in Case 2.)

R5. Our sewing-factorization theorem 1is compatible with the permutation-
twisted /untwisted correspondence established in [Gui2l]. More precisely, the
translation of the permutation-twisted version of the genus 0 sewing-factorization
theorem from [HLZ14, HLZ12a]-[HLZ12g] to the higher genus untwisted case
via the construction in [Gui21] will be a special case of our sewing-factorization
theorem.

0.3 The sewing-factorization theorem for C>-cofinite VOAs

Fix an (N + M)-pointed compact Riemann surface and an (K + M )-pointed one

X:(yi,...,yﬁ\/[]Cllxl,...,xN) @:(yi’,...,y?(/[]C'glxl,...,%K) (08)

Assume that each component of C (resp. Cs) intersects z1,...,zn (resp. »,..., xK).
We choose local coordinates n;, i, §;, @; at each ;, ¢, y}, y; respectively. The reason
we write y, and y. on the left of C1,C> is that we regard them as “outgoing marked
points”. Those written respectively on the right of C1,C> are regarded as “incoming
marked points”.

Let V be Cy-cofinite. Associate a grading-restricted V®"-module W to the ordered
marked points 71, ..., zy. Associate a grading-restricted V®X-module M to the ordered
marked points s, ..., xk.

Theorem 0.5 (Cf. Thm. 3.31). There exist uniquely (up to equivalences) a grading restricted
VOM _module Nx (W) and a conformal block 1 € T (W @ Nx(W)) (50T : W@ Nx(W) — C

!Part of this geometric interpretation of pseudo-traces will be presented in the second paper of this series.
A more comprehensive treatment will appear in a future work outside this three-part series.



is a linear functional “invariant under the action of V") satisfying the following condition: For
every grading restricted VM -module X and every I € T (W ® X) there is a unique morphism
T:X > Nxg(W)suchthatT' =10 (1®1T).

Similarly, such Ny (M) and 7 € F5y (M@ Ny (M)) exist uniquely (up to equivalences) for 9.

We call (Nx(W),J) (or simply call Nx(W)) the dual fusion product associated to X
and W. Its contragredient module is denoted by Xlx(W) and called the fusion product
associated to X and W. As an immediate consequence of Thm. 0.5, we have

dim HOmV®M (X, Ex(W)) = dim %* (W ® X) (09)

For each 1 < j < M, choose neighborhoods W} of y; and W of y on which §; and
w; are defined respectively. We assume that there exist r;, p; > 0 such that

&§W) =Dy, wi(W)) =D, (0.10)

Note that {;(y;) = @;(y;) = 0.
For each j, choose ¢; € C satisfying

0 <lg;] <rjp; (0.11)

Remove small discs centered at y, yj respectively, and glue the remaining part by the rule
that p; € W and r] € W} are identified iff

& ()@ (p}) = 4 (0.12)
By performing this gluing construction for all 1 < j < M we obtain a new pointed surface
:{#q.gj :(Cq. $1,...,a:N,%1,...,%K) (013)
with local coordinates 1, ..., 9N, i1, - . ., k. See Figure 0.2 for example.
% )

Figure 0.2 An example of X#,,9) where N = 2, K = 3, M = 3. X#,92) has genus 5

Write Y (1®- - -®c®- - -®1,2) = >, Li(n)2~""2 where the conformal vector ¢ € V(2)
is at the j-th tensor componentof 1 ® - - ®c®---® 1.

Theorem 0.6 (Sewing-factorization). There is a well-defined linear map

‘Ilq. : Homyem ( @ (M)v N%(W)) - ‘%ti*#q.@(w ® M)

0.14
T 8. (AeT)®7) 019



By “well-defined” we mean that for each w € W, m € M,

S (@) @) (w@m) :=I(w @T(L)) S(m ®q1Ll(0) . q]@M(O)l)

0.15
NI w@Té) - m@a" - g5 Vey) (0.15)

(where {en} is a homogeneous basis of Ny (M) and {€,} is its dual basis), as a formal series of
q,---,qm and logq, . . ., log qu, converges absolutely (in an appropriate sense) to a conformal
block associated to X#,,%) and W @ M.

Moreover, ¥, is an isomorphism of (finite-dimensional) vector spaces.

Thm. 0.6 can be stated in the following equivalent way, thanks to Thm. 0.5.
Corollary 0.7 (Sewing-factorization). There is a well-defined isomorphism of vector spaces
(I)qo : yg(WG@Q_}(M)) - y%*#qo@(W(@M) (0 16)

b S (b ®) '

where, for each w € W, m € M,

{ \
Sp(W@N(w@m) =Pp(we—) - T(me g @ ... gha ) (0.17)

0.4 Self-sewing regained; the factorization formula

Although we have only considered disjoint sewing in Sec. 0.3, we can still prove
a sewing-factorization theorem for any type of sewing by transforming it to a disjoint
sewing as in Fig. 0.3.

Figure 0.3 Transforming self-sewing to disjoint sewing

Let V be Cs-cofinite. Let X = (v, y"; &, w|Clz1,...,2N;m1,...,nn) be asin Sec. 0.1. We
have moved the pair of points 3/, 3" to the left of C' to indicate that they may be viewed
as “outgoing points”. For each 0 < |¢| < rp, S;X is as in Sec. 0.1. Associate a grading-
restricted V®N-module W to the marked points z1,...,zN.

Let ¢ be the standard coordinate of C. Let

Q = (o0,0;1/¢,¢|P'|15¢ — 1) (0.18)

be an 3-pointed sphere with marked points o, 0, 1 (where o0, 0 are the outgoing ones) and
local coordinates 1/¢, ¢, ¢ — 1. Associate V to the incoming point 1. By Thm. 0.5, we have
a dual fusion product (Ng(V), 7T) where Nq (V) is a grading-restricted V® V-module, and
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the linear functional 71: V®Nn(V) — Cis a conformal block (i.e. Te 75 (V®Ng(V))).
(In fact, No(V) is a subspace of Li’s regular representation of V [Li02, LS22], see Exp.
0.11.) Recall that X5 (V) is the contragredient module of Ng (V).

Let X#, 4,Q denote the sewing of X and 9 along the pairs of points (y/,0) and (y”, )
with parameters ¢i, g2 € C satisfying ¢gig2 = ¢. Then X, 4, is almost equal to S, X except
that X, 4, has an extra marked point. Associate V to this extra point. Then by the propa-
gation of conformal blocks (2.83) (cf. [Zhu94, FBZ04, Cod19, DGT21, Gui24b]), we have a
canonical isomorphism ¢ (W) ~ yf#qQ(W ® V). Thus, Cor. 0.7 implies:

Corollary 0.8 (Sewing-factorization). There is a well-defined isomorphism of vector spaces
&1 T (WRR(V)) — T (W) 0.19)

such that for every w € W, the following converges absolutely (in an appropriate sense) to a
conformal block & \p associated to S, X and W:

{ \
Sb(w) =b(we—)-T1®¢"©-) (0.20)

Remark 0.9. If V is Cs-cofinite and rational, using the universal property in Thm. 3.31, it
is not hard to see that

Na(V)= P MeM (0.21)
Me&

where £ is a set of representatives of equivalence classes of irreducible V-modules, and

7:Ve (@M eM) -C
Mee (0.22)
v®m Q®m — <Y(v, 1)m',m>
satisfies 1(1®@m' ®@ m) = (m/,myif m e M € £ and m’ € M. Then (0.20) equals (0.6).

We emphasize that the factorization formula

dim Z3 (W @ Ra(V)) = dim T x(W) (0.23)

implied by Cor. 0.8 generalizes (0.7) and computes the dimensions of spaces of conformal
blocks of S;X in terms of those of X.

0.5 Construction of the dual fusion product Nx(W)

Choose integers N > 1, M > 0. Consider an (M, N)-pointed compact Riemann sur-
face with local coordinates

X = (yla"'7yM;‘91>"'79M|C|xla"'7xN;7717"'777N) (024)

Namely, z,, y. are distinct marked points of the compact Riemann surface C. We view z,
as the incoming points and y,. as the outgoing points. We assume that each component of
C intersects {z1, ...,z n}. Each n; resp. §; is a local coordinate of C' at x; resp. y;.

9



Let V be Cy-cofinite, and let W be a grading-restricted V®¥-module. Write
Yi(v,2) =Y1® - ®u®---®1,z) (0.25)

where v € V is in the i-th componentof 1 ® --- ® v ® --- ® 1. The goal of this paper
is to give an explicit construction of the dual fusion product Nx (W) (which is a grading
restricted V®¥-module) and prove Thm. 0.5 (=Thm. 3.31). Note that the existence of
dual fusion products satisfying Theorem 0.5 can be readily established using the fact that
any left exact functor from a finite linear category to the category of finite-dimensional
vector spaces is representable (cf. [DSPS19, Cor. 1.10]). However, the explicit construction
provided in this paper will be essential in the third part of the series for proving the
sewing-factorization theorem.
Our definition of Nx (W) as a vector space is due to Kong and Zheng [KZ]: We set

NZ{(W) = h_H)l ‘7.%*,@1,...,

al,...,aMeN

W)

CL]V[(

where (ﬁx*,al,“ (W))ay.....anen is an increasing system of subspaces of W* described as

AN
follows. For each grading-restricted V®¥-module M and each ay, ..., ay € N, if we let

Qq, (M) = {meM:Y;(v)ym=0V1<j<M, homogeneousv e V,k > wt(v) + a;}

then for each conformal block w : W® M — C associated to X and each m € Q,, (M),
w(—®m) : W — C is a linear functional. We expect that all such linear functionals
form the space 7y, (W) = 7, (W). So we define 73", (W) to be the set of linear
functionals ¢ : W — C satisfying an “invariance condition” that is strong enough and is
satisfied by all linear functionals of the form w(— ® m). Such a linear functional is called
a partial conformal block of multi-level aq, . .., a)s associated to X and W, because it is a
conformal block when M = 0. Roughly speaking, this invariance condition says that the
actions of Y;(v,z) on W, for all 1 < i < N, can be extended holomorphically to the same
holomorphic section on C' — {z.,y.} which has the desired order of poles (determined
by a;) at each each y;. We refer the readers to Def. 2.7 for the precise definition which
involves the sheaf 7x o, = 7%,4,.....ay, ON C (cf. Def. 2.3), a generalization of the vertex
algebra bundles in [FBZ04, Ch. 6].

7%.0,...0 and 9{0,__"0(%\/) were introduced in [NTO05, Sec. 7.2] and [DGT24, Sec. 6.2] to
study the factorization property for conformal blocks of Cs-cofinite and rational VOAs.
When ay, ..., ap are not necessarily equal to 0 but C has genus 0, .7;*, (W), or rather its
(pre-)dual space J% 4, (W), has appeared much earlier: 7

Example 0.10. Let ¢ be the standard coordinate of C. Choose z € C* = C — {0}. Assume
that X is the 3-pointed sphere

PB. = (005 1/¢[P'z,0;¢ — 2,C) (0.26)

with incoming points z,0 and outgoing one c. Choose grading-restricted V-modules
W1, Ws. Then Wy ® W, is a grading-restricted V ® V-module. In the language of the
vertex tensor category theory by Huang-Lepowsky [HL95a, HL95b, HL95¢c, Hua95] and
Huang-Lepowsky-Zhang [HLZ14, HLZ12a]-[HLZ12g], Np, (W1®W>) is equal to the P(z)
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dual fusion (tensor) product WiNp(,) Ws in the category of grading-restricted V-modules.
Moreover, 7y, (W1®W5) is the setof all A € (W1@W»)* satisfying the P(z)-compatibility
condition (cf. [HLZ12c, Sec. 5.2] the paragraph after Rem. 5.33) and satisfying that for
each homogeneous v € V,

YIQ(Z) (W A=0 Vk=wtv)+a (0.27)

where Y}’D(z) (v, 2) = Dken Y}’D(Z) (v)gz~*~1 is defined in [HLZ12c, Def. 5.3]. (Note that the
notation Y’ defined in Def. 1.3 and used extensively in Ch. B has a different meaning and,
in particular, satisfies an upper truncation property.)

Example 0.11. Let X be Q = (0.18) and W = V. Then each 7 , (V) is the Q,, ,-subspace
of Li’s regular representation of V [Li02, L522]. Note that Na (V) = lim _ 75, (V). Let

On(V) = Spanc{Res.—g 22" ?Y ((1 + 2) KOy Nodz s u,v e v} (0.28)
Then the (pre-)dual space 7y, (V) of 73, ,,(V), denoted by A, (V), is equal to
Fann(V) = An(V) = V/On(V) (0.29)

When n = 0, Ay(V) (as a vector space) is equal to the Zhu algebra A(V) = Ay(V) intro-
duced by Zhu in [Zhu96]. (That 75 ,0(V) equals A(V) was shown in [NT05, Prop. 7.2.2
and A.2.7].) In general, we have

An(V) = A,(V)/{L(0)v + L(—1)v : v € V} (0.30)

where A,,(V) is the level n Zhu algebra introduced by Dong-Li-Mason in [DLM98]. See
[LiO1b, Li22] for details.

Next, we explain how to define a weak V¥ -module structure on Nx(W). We need to
define Yj(v), =Y (1® - ®v®---®1), onNx(W) for each v € V, show that Y satisfies
the Jacobi identity in the definition of weak VOA modules, and show that Y; commutes
with Y}, if j # k. This task is one of the most important and non-trivial steps towards our
ultimate goal of proving the sewing-factorization theorem. It clearly has its counterparts
in the vertex tensor category theory by Huang-Lepowsky and Huang-Lepowsky-Zhang
(cf. [HLZ12c, Ch. 6]) and in the theory of regular representations by Li (cf. [Li02]).
But it also plays a role similar to that of constructing an A(V)®*-module structure on
Tx.,0,...0(W) in the proof of the factorization property for conformal blocks of C>-cofinite
and rational VOAs, cf. [NT05, Sec. 7.2] and [DGT24, Sec. 6].

[NT05, DGT24, KZ] all use some universal algebra of V to treat this problem. In our
paper, instead of using any associative algebra of V (either the universal algebra or the
higher level Zhu algebras), we carry out this task by using the (single and double) propa-
gations of partial conformal blocks, which is similar to the methods in [Zhu94] and espe-
cially in [Gui24b]. One may view our method as an analytic-geometric and higher-genus
version of Huang-Lepowsky-Zhang’s approach in [HLZ12c] and Li’s approach in [Li02].
(Note that Nagatomo-Tsuchiya’s approach also uses (single and double) propagations.
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See for example [NTO05, Sec. 5.5], some arguments of which are used in the proof of
[NTO5, Prop. 7.7.2.].)

To explain our method, we first consider the case that X is Q = (0.18). Then W is a
V-module and is associated to the incoming marked point 1. We need to define Y., (v, z) =
Y(v®1,z)and Y_(v,2) = Y(1®uw, z) if v € V, where the vertex operations Y, and Y_ are
associated to the outgoing marked points oo and 0 respectively. Choose any ¢ € N (W),
which is a linear functional W — C. Using the strong residue theorem 2.41, one can show
that for each w € W, the formal Laurent series

(b, Yw(v, z — w) (0.31)

can be extended to a holomorphic function (¢ (v, w) on C* — {1} = C — {0, 1} with finite
poles at 0, 1,00. Clearly !$(v, w) is bilinear with respect to v, w. Choose circles C_, C
centered at 0 with radii < 0 and > 0 respectively. Then

Y_(v)pb,w) = jg WP (v, w) - 2"dz YL ()b, w) = jg W (v, w) - 2"dz

o C,

where Y/ (v,2) = 3 Y/ (0)z """ = Y (5L (—272)LO)y, 2~1). Now, if v1, vz € V, then
the expressions

W (v1, Yy (va, 22 — 1)w) (when |22 — 1| is small) (0.32a)
W (Y (v, 22 — 21)v1, W) 2, (when |zg — 21| is small) (0.32b)

can be extended to the same holomorphic function > (v2, v1,w) on Conf?(C* — {1}) =
{(z1,22) : z1,20 € C* — {1},21 # z}. By calculating some contour integrals of
2 (v, v1,w), one can show that Yy (v),d belongs to Na(W), that Y_ and Y satisfy the
Jacobi identity, and that Y_ commutes with Y7 .

For a general X, the idea is the same, except that one needs more effort to prove that
(0.31) can be extended to a global holomorphic section of a suitable holomorphic vector
bundle (of possibly infinite rank) on C' — {z.,y.}, and that (0.32) can be extended to a
global holomorphic section on Conf?(C — {z.,y.}). These processes are called the propa-
gations of partial conformal blocks and will be studied systematically in Ch. 2.

We end this introduction with a few remarks.

Remark 0.12. In this section, we have assumed that V is C-cofinite for simplicity. But
Nx (W) can be constructed without assuming that V is Ca-cofinite. (Therefore, our geo-
metric interpretation of A,,(V) is not restricted to C>-cofinite VOAs.) In the main body of
this paper, we only assume that V = @, _ V(n) with dim V(n) < +00. We consider a vec-
tor space W with mutually commuting vertex operations Y7, ..., Yy such that (W, Y;) is a
weak V-module for each i. Then (W,Y7,...,Yy) is called a weak V*"-module. Similar
to admissible (i.e. N-gradable) V-modules, an admissible (i.e. NV-gradable) V*"-module
with the vertex operations Y7, ..., Yy. See Def. 1.7. If a g;frading can be chosen such that
each W(ny,...,ny) has finite dimension, we call W a finitely-admissible V*"-module.
We shall study the propagation of partial conformal blocks for finitely-admissible V> -
modules. This finite-dimension condition allows one to sew conformal blocks. (As in
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[Gui24b], we understand propagation as a sewing construction (cf. Fig. 2.1) followed by
an analytic continuation.) And we shall prove that Nx (W) is a weak V*¥-module.

Remark 0.13. We have fixed local coordinates 7, and 6, at the incoming points =, and
the outgoing points y, respectively. But Nx(W) can be realized in a coordinate-free way
with the help of Huang’s change-of-coordinate formulas [Hua97]. The independence of
6. can be realized easily using the universal property in Thm. 0.5. Thus, we shall fix 6,
and define Nx (W) as a set of linear functionals on #%(W), a coordinate-free version of
W. #% (W) is a vector bundle over a single point such that for each choice of 1, we have
a trivialization U(n.) : #x(W) => W, and that the transition functions are given by the
exponentials of certain Virasoro operators. See Def. 2.4 for details. The readers should
notice that #% (W) relies on the choice of grading of W.

In part II of this series, we will study the connections on sheaves of conformal blocks
associated to Co-cofinite VOAs and holomorphic families of compact Riemann surfaces.
We will address several convergence issues concerning conformal blocks. In part III we
will prove the sewing-factorization theorem.
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0.A Notations
e N={neZ:n=>0},Zy ={neZ:n=1}.
* §;; is the Kronecker symbol, which means §; ; = 0if i # jand §; ; = 1 if ¢ = j.
e All neighborhoods are open. The closure of a subset E is denoted by E°.
¢ All vector spaces are over C.

e If Xissetand Y < X is a subset, then X — Y denotes {x € X : x ¢ Y}. And

Conf™(X) ={(x1...,xn) € X" 1 2; # xjif i # j} (0.33)

e If r > 0, then D, := {z € C : |2| < r} is the open disc with radius r and D, :=
D, — {0}. When there are several discs, we write

Dy, =Dy, x -+ X Dy Dy, =Dy x - x D, (0.34)

¢ If Fisasheaf on the topological space X, then 7, denotes the stalk of 7 atz € X and
HY(X, F) denotes the g-th sheaf cohomology group of X. In particular, H(X, F) =
FU).
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¢ If X is a complex manifold, then Ox denotes the structure sheaf of X. Ox , denotes
the stalk of Ox atz and mx, = {f € Ox, : f(x) = 0} is the maximal ideal of Ox ,.
Then

(OX’x/mX@) ~ C.
If Fisan Ox-module and x € X then F,
F

L~ F, Qoy, (Oxa/mxg) (0.35)

F = —
’ar mX,x'Fx

is the fiber of F at =, which is a vector space. The residue class of s € F in F|, is
denoted by s(z) or s|,:
s(x) = sls € Fla (0.36)
Equivalently,
s(z) =s®1eFr ®(Oxz/mxz) (0.37)

¢ If £ is an Ox-module (for example, a holomorphic vector bundle of finite rank on
a complex manifold X), then £¥ and £* = 0, (£, Ox) both denote the dual
sheaf of £, which is the dual bundle of £ when £ is a vector bundle. Then for each
openU c X,

pe&*U) — ¢ : €|y — Oy is an Oy-module morphism (0.38)
Similarly, if V' is a vector space, then V'V and V* both denote the dual vector space
of V.

If £ and F are O x-modules, then £ ®p , F is often written as £ ® F for short. (Note
that when &, F are vector bundles, then £ ® F is their tensor product bundle.)

* Let £ be an Ox-module. Let ¢ € £*(X), i.e. ¢ is a Ox-morphism £ — Ox. For each
re X,let

P(x)=dle == d®1: & ® (Oxp/mxs) = Ox o ® (Oxp/mx ) ~C (0.39)

Thus ¢(z) is a linear functional on £|,. Equivalently, ¢(z) is defined by descending
(ﬁ : gw — OX,;r to 5x/mx,x&£ — C.

* Suppose that S is a closed submanifold of X with codimension 1. Then for each
ke Z, Ox(kS) is the O x-submodule of O|x_g consisting of sections of O|x_g with
poles of order < k at S. Denote

Ox (eS) := lim Ox (kS).
keN
If € is an O x-module, we set
E(kS) = E®Ox(kS) E(eS) = li_r)né’(kS)
keN

If € is locally free (i.e. a vector bundle), then the sections of £(e.5) (resp. £(kS)) can
be viewed as sections of £| x_g with finite poles (resp. with poles of orders at most
k)atsS.
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e If 7 : X — Y is a holomorphic map between complex manifolds and £ is an Ox-
module, then 7,(€) denotes the pushforward of £. If F is an Oy-module, then
™ (F) = F ®o, Ox denotes the pullback of 7. Moreover, suppose F is a holomor-
phic vector bundle over Y, whose trivializationon U < Y is

f:f|Ui’F®COU7

where F' is a vector space. Then the pullback 7*F has a natural vector bundle
structure, whose trivialization on 7~1(U) = Y is

7T*f . W*(F)|ﬂ.—1(U) = F@Oﬂ.—l(U).

* Suppose W is a vector space and z is a formal variable. Then
N
Wlz] := {Z wpz" :wy, € Wyn € N}
n=0

Wllz]] == {D] wnz" : w, € W}

neN

W((2)) :={ Z wpz" :w, € W, N € N}
n=—N

W[ztY] = {Z wpz" w, € W}

nez

W((z,w)) :={ Z ag2"0' s ap, € W,N e Z}
k>N

Foreachw = Y _, w,z" € W[[z*1]],
Res,_qwdz := w_;.
If W is a commutative ring, then so is W ((z, w)).
* We use frequently the symbol

Ne = (N1,...,NN). (0.40)
¢ Let X is a complex manifold. Choose a formal power series

f= D an -2t Ay e 0(X)|[[z1,- .., 2n]]

neeNN
where each a, € 0(X). Let Q be an open subset of CV. We say that
f converges absolutely and locally uniform (a.l.u.) on X x 2 (0.41)

if for every compact subsets K < X and I' = 2 we have

sup Y an, (2)] <[5 Y| < oo
zEK,z.an.ENN
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1 Vertex operator algebras and conformal blocks

1.1 Vertex operator algebras and their modules

In this article, unless otherwise stated, we assume that a vertex operator algebra
(VOA) has N-grading V. = @,y V(n) and dimV(n) < +oco. The vacuum vector is de-
noted by 1, and the conformal vector is denoted by c. The vertex operator is written as
Y(v,2) =Y, .7 Y (v)nz"""L. The Virasoro operators are L(n) = Y(c),+1. Recall that V is
called Cs-cofinite if dim V/C5(V) < o0, where Co(V) = Span{Y (u)_ov : u,v € V}.

We recall the notion of weak modules and admissible modules. Let W be a vector
space over C with a linear map

V — (EndW)[[z*1]]
u— Yy(u,z) = Z Yy (u)pz "L

nez.

Definition 1.1. We say (W, Yiy) is a weak V-module if it satisfies:
(a) Lower truncation: For each u € V,w e W, Yyy(u, 2)w € W((z)).
(b) Vacuum: Yyy(1,2) = 1.

(c) Jacobi identity: For any u,v € Vand m,n, h € Z,

2 (7) Y (Y (@)nt - 0)mth—t

leN

— (1) (’}) Vi (W Vi)t — Y1) (7}) Yo ()Y (s

leN leN

(1.1)

Set L(n) = Yw(c)p+1 for a weak V-module W.
A weak V-module W is called an admissible module if there exists a diagonalizable
operator L(0) on W with eigenvalues in N, satisfying the grading property

~

[L(0), Yy (u)n] = Yw(L(0)u), — (n + 1)Yiw(u), (1.2)
We fix grading W = @, .y W(n) where
W(n) = {weW: L0)w = nw} (1.3)

Moreover, if each eigenspace of L(0) is finite dimensional, then W is called a finitely-
admissible module.

Definition 1.2. Given an admissible V-module W = @, ., W(n), one can define its con-
tragredient module W’ as follows. As a graded vector space,

W = P W(n)*. (1.4)

neN
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The vertex operator Yy is defined by
Ky (v, 2)w’, w)y = <w', Yay (1) (—z72)L0)y, z_l)w> (1.5)

for each v e V,w € W,w' € W'. Define L(0) on W’ by setting L(0)w = nw for w € W(n)*.
Then W’ becomes an admissible V-module. We call (W', Yy ) the contragredient module
of W.

If W is furthermore finitely admissible, then so is W'.
Definition 1.3. Suppose (W, Yyy) is weak V-module. Define Y{;(v, z) € End(W)[[z*']]
and Yy (v); € End(W) by
Yiy (v, 2) Z Yoy (v 1= YW(eZL(l)(—z_z)L(O)v,z_l) (1.6)
neL

If v is homogeneous, it is easy to compute that

—1)wt()
Viwh = 3 T (L0 0) a7)
keN ’

By (1.5), if W is admissible, then Y3, (v),, is the transpose of Yyy(v)s,.

1.2 Admissible V; x --- x Vy-modules

Let Vi,---,Vy be VOAs. In this section, we introduce the notion of finitely-
admissible V; x --- x V-modules, which is convenient for proving many analytic prop-
erties of conformal blocks. See Thm. A.14 for a relationship between such modules and
grading-restricted generalized V| ® - - - ® Vy-modules when V7, ...,V are Cs-cofinite.

Definition 1.4. Suppose W is a weak V;-module with vertex operator Yy ; (or Y; for short

if the context is clear) for each 1 < 7 < N. Moreover, if v € V;, we set
Yw \U, Z Z YW i
nez

and L;(n) := Yj(c)p41. Wis called a weak Vi x --- x Vy-module if [Y;(u)pm, Yj(v)n] = 0
foralll1 <i# j < Nandm,n e N,ue V;veV; Inparticular, if i # j, then L;(m) an
L;j(n) commute with each other.

If M is also a weak Vi x - - - x Vy-module, then a linear map 7" : W — M intertwining
the actions of Vy,...,Vy is called a (homo)morphism of weak V; x --- x Vy-modules.
All such maps form a vector space Homy, x...xv (W, M).

Remark 1.5. A weak V| ® - - - ® Vy-module (where V; ® - - - ® Vv is viewed as a single
VOA) is obviously a weak V; x --- x V-module. A version of the converse can also be
proved by checking the weak associativity [LL04].> We will discuss this in more details
in Sec. A.1.

*We are grateful to Haisheng Li for informing us of this fact.
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Definition 1.6. If M is a weak V; x --- x Vy-module and E c M is a subset, then we say
[E generates M if M is spanned by

{}/}1<u1)”1 : }/}k(Uk)nkw k€ Z+a1 < jla' o 7jk < N7

(1.8)
ulerl,...,ukerk,nl,--- ,nkeZ,weE}

Moreover, if E is finite, we say that M is finitely generated.

Definition 1.7. Let Vq,--- ,Vy be VOAs and W be a weak V; x - - - x Vy-module. We say
that W is an admissible V; x - - - x V y-module if there exist simultaneously diagonalizable
(and hence commuting) operators L ;(0)(1 < j < N) on W with eigenvalues in N such that
foreach 1 < 4,5 < N we have

[2;(0), Yi(0)n] = 65, (Vi(L(0)v)n — (n + 1)Yi(v)n) (1.9a)
Then we have
[2(0), Yi(v)n] = Yi(L(0)v)n — (n + 1)Y;(v)n (1.9b)
if we define
L(0) := L1(0) + - - + Ly(0) (1.10)
Set
W(ne) =W(ng,...,ny) = {we W: Li(0)w=njw (¥1<j<N)} (1.11a)
Wn)= @  Wh,...,ny) = {weW: L(0)w = nw} (1.11b)
HIRW;ZN{@ W(k), A k@ V (k) (1.11¢)

Then we have N-grading and N"-grading
W=@Wnhn) = H W) (1.12)

neN neeNN

A vector w € W is called L, (0)-homogeneous (or simply homogenous) if it belongs to
W(n.) for some n, € NV, If w € W, we write

wt;(w) = n; if Ej(())w = njw (1.13a)

~

wt(w) =n if L(0)w = nw (1.13b)

Definition 1.8. Let W be an admissible V; x --- x Vy-module. If each W(n) is finite
dimensional (equivalently, if each W(ny, ..., ny) is finite dimensional), then W is called a
finitely admissible V; x -- - x Vy-module.

Example 1.9. (1) An admissible (resp. finitely admissible) V*!-module is equivalent to
an admissible (resp. finitely admissible) V-module defined in Definition 1.1.
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(2) Suppose W; is an admissible (resp. finitely admissible) V;-module for each 1 < ¢ <
N.Then W, = W; ® - - - ® Wy is naturally an admissible (resp. finitely admissible)
Vi x - -+ x Vy-module if we define f/i(O) onWetobel®-- -®EZ~(O) ®---®1 where
L;(0) is at the i-th component.

(3) Let W be an admissible Vi x --- x V-module. Define a graded vector space

W=@EWn*= B Wh,...nn)* (1.14)
neN N1,y ,UN
Foreach 1 < j < N, define Yy ; : V; @ W — W/((2)) by
<le7j(vj, 2)w', w> = <w’,Yw’j(eZL(l)(—z*Q)L(o)vj, 271)w> (1.15)

for each v € Vj,w € W,w' € W. Then W', together with all Yy ; and all f/j(O)
(where 1 < j < N), is an admissible V; x --- x Vy-module if the ij(()) acting on
each W(n)* is defined to be the transpose of f/j(O) acting on W(n). We call W’ the
contragredient module of W.

Convention 1.10. Unless otherwise stated, the grading operators of W; ® - -- ® Wy and
W’ are always defined as in Exp. 1.9. The grading operator of V is set to be L(0) = L(0).

Remark 1.11. Suppose that W = @;_; W, where each W, is a finitely-admissible V; x
-+ x V y-module with grading operators z’f(O), e f/f\,(O), then W is a finitely admissible
V1 x -+ x Vy-module since we can define its grading operators L1(0),...,Ly(0) to be

Li(Ow = (k+ LFO)w  ifwe W, (1.16)

1.3 Change of coordinate

In order to give the definition of conformal blocks, we recall the change of coordinate
formula discovered by [Hua97]. Let Oc¢ be the structure sheaf of complex plane C and
Oc,o beits stalk at 0. Define G = {p € Oc : p(0) = 0, p'(0) # 0}. Then G becomes a group
if we define the multiplication p; - ps to be their composition p; o ps.

Notice that for each p € G, there exists unique ¢y, ¢z, - - - € C, such that

p(z) = p'(0) -exp ( ). cn2"t10.) 2. (1.17)
n>0
Now, choose an admissible V*¥-module W. Define U;(p) € End(W)(1 < j < N) to be
Ui(p) = p(0)" - exp (D enLj(n)) (1.18)
n>0

which is a finite sum when acting on each vector w € W. Since
[L(0), Lj(n)] = —nL;(n),

Lj(n) lowers ij(O)—weights, and hence lowers L(0)-weights. So (1.18) actually defines
U;(p) € End(WS"). Moreover, U;(p1) commutes with U, (ps) for i # j and p1, p2 € G, since
each operator in {L;(0), L;i(n) : n € Z} commutes with each one in {L;(0), L;(n) : n € Z}
if i ~ ;.
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Theorem 1.12. For a fixed admissible V*N-module W, U; gives a representation of G on W for
eachl < j < N,ie, Uj(p1iop2) = U;i(p1)Ui(p2) for p1, p2 € G. In particular, U;(p) is invertible
foreach p e G.

Proof. One may view W as an admissible V-module defined by Yyy ;. Then this theorem
follows from [Hua97, Sec. 4.2]. See also [FBZ04, Ch. 6] or [Gui23, Sec. 10]. O

Suppose X is a complex manifold and p : X — G,z — p, is a function.

Definition 1.13. p is called a holomorphic family of transformations if for each z € X,
there exists a neighborhood V' of « and a neighborhood U of 0, such that (z,y) e U x V
py(2) is a holomorphic functionon U x V.

If pis a holomorphic family of transformations, then the coefficients cy, c1, c2, - - - given
by (1.17) depend holomorphically on z € X. Therefore, (1.18) gives an isomorphism of
Ox-modules

Uj(p) : Wgn Rc OX = Wgn Rc OX (1.19)

sending each Ws"-valued function w to the section z — U;(p;)w(z). When N = 1 so that
W is an admissible V-module, we write U (p) as U(p).

Example 1.14. Suppose W is an admissible V-module, X = C* and z € C*. Sety, as

1 1

t) = - —.
YZ() z+1t z

Then vy = 7. is a holomorphic family of transformations and it is easy to compute
Uly.) = D (27210, (1.20)

It is easy to see v, (zt) = 2~y (t). Thus

U(y2) 22O = 2L (yy), (1.21)

1.4 Sheaves of VOAs for compact Riemann surfaces

Let V be a VOA and C be a compact Riemann surface. We recall the construction of
the sheaf ¥ associated to V and C.

Let U,V be open subsets of C with univalent (i.e., injective and holomorphic) func-
tions n € O(U),n € O(V). Define a holomorphic family of transformations o(n|u) :

UnV — G,p+— o(n|p)y, where o(n|p)p(z) = no p= (2 + u(p)) — n(p). Equivalently,

n—n(p) = o(nlw)p(n — pu(p)) (1.22)

and for univalent functions n; € O(U;)(i = 1,2, 3),

o(nslm) = e(nsln2)o(nzlm) (1.23)

on U; n Uz n Us. By (1.19), we have an isomorphism of O~y -modules:

U(o(nu)) : V" R¢c Ovnv — V" Q¢ Opny -
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By Thm. 1.12 and (1.23), we have the cocycle condition

U(o(nslm)) = U(e(ns|n2))U (e(n2]m1))-

This allows us to define a locally free Oc-module (i.e. a finite rank holomorphic vector
bundle) #5", such that the transition functions are given by U(o(n|u)). Thus, for any
open subset U < C with a univalent function n € O(U), we have a trivialization

Uy(n) : V& v = V=" ®c Op. (1.24)

Moreover, if V' < C is another open subset with a univalent function p € O(V), then we
have transition function

U (MU (1)~ = U(o(n|p))

on U n V. The sheaf of VOA 7( is the Oc-module defined by 7¢ = |
precisely,

<
hen Yo", or more

_ N <n
Yo = lim V"
neN

Example 1.15. Let ¢ be the standard coordinate of C*. Then for each z € C*,

o(1/¢1)= = o(C[1/C)1jz = V=
By Exp. 1.14,

(Ue(1/OU () ), = U(0(1/CIC)2) = Ulys) = eV (=272)HO,

1.5 Conformal blocks for compact Riemann surfaces

Definition 1.16. X = (C|x1, To, - ,TN;ML, M2, ,nN) is called an N-pointed compact
Riemann surface with local coordinates if

(1) z1, 29, ,zN are distinct marked points on the compact Riemann surface C, and
each connected component of C' contains one of these points.

(2) Foreach 1 < i < N, n; is a local coordinate near z;, i.e., a univalent function on a
neighborhood U; of z; satisfying n;(x;) = 0.

Forgetting the local coordinates, we call (C ‘xl, xo9,- -+ ,xy) an N-pointed compact Rie-
mann surface.

Fix an N-pointed compact Riemann surface with local coordinates X =
(C’.%‘l,l'g, e TNIML, M2, ,nN). Let W be a weak V*¥-module. Let us recall the def-
inition of the space of conformal block .73¥ (W) (cf. [FBZ04, Ch. 9]).

Write

Sy=x1+x20+ --+2xN
and let wc be the cotangent sheaf of C'. For each Oc-module &, set

£(eSx) = lim &(kSx).
keN
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More precisely, sections of £(eSx) are meromorphic sections of £ whose only possible
poles are at 1, z2, - - - , zn. By tensoring with the identity map of wy;, with (1.24), we have
the sheaf 7 ® wc(eSx) whose trivialization on the neighborhood U; of z; is:

u@(nz’) : WC‘U«; ®in(.Sx) — V&c in(OSx).

where U, (7;) is short for U,(n;) ® 1. This allows us to define the i-th residue action of each
section o € HY(U;, Yo @ we(eS%)) on W:

o #; w = Resy,—oYi(Up(ni)o, mi)w. (1.25a)

The residue action of o € H°(C, ¥c @ wc(9Sx)) on w € W is defined by
N
o-w= Za*i w. (1.25b)
i=1

Definition 1.17. The space of coinvariants .73 (W) is defined by

W

Tx(W) = HO(C, 7o Qwc(eSx)) - W’

where H°(C, ¥ ® wc (S%)) - W is the subspace of W spanned by {0 - w : o0 € H*(C, 7 ®
we(eSx)), w e W}

The space of conformal blocks .7;F (W) is defined to be the dual space of J%(W).
Therefore, elements in .7;¥ (W), called conformal blocks are linear functionals ¢ : W — C
that vanish on H°(C, ¢ @ wc(eS%)) - W.

The above definition of conformal blocks depend on the choice of local coordinates.
See Def. 2.7 for a coordinate-free definition.

1.6 Sheaves of VOAs for families of compact Riemann surfaces

Definition 1.18. X = (7 : C — B) is called a family of compact Riemann surfaces if
7 : C — Bis a surjective proper submersion between complex manifolds, and if each fiber
Cp = f~1(b) is a compact Riemann surface.

Fix a family of compact Riemann surfaces X = (7 : C — B). We recall the definition of
the sheaf of VOAs on X. (See [Gui24a, Sec. 5] for details.) Let U and V' be open subsets
of C.n: U — Cand p : V — C are holomorphic functions, which are univalent on each
fiber of U and V. This is equivalent to saying that (1, 7) and (u,7) are biholomorphic
maps from U, V' to open subsets of C x B. Define a holomorphic family of transformation
o(nlp) : UV — Gby

o(nlw)p(2) = no (u,m) " (2 + p(p), 7(p)) — n(p).

That this family is holomorphic is clear from the definition. An equivalent but more
transparent definition is

=1 wav),, = ey —puo)lwav),,,)-
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For functions 7; € O(U;)(i = 1,2, 3) univalent on each fiber, we have

o(nsm) = o(nsln2)e(nzlm)

on U; nUy nUs. Similar to Subsec. 1.4, we can define an O¢-module (i.e. a finite rank holo-
morphic vector bundle) #;=" such that the transition functions are given by U(o(n|u)).
More precisely, if U < C is an open subset with € O(U) univalent on each fiber, then we
have a trivialization

Z/[Q(n) : 7/x<n|U = VSn ®(C OU

such that the transition function is given by
Uy (MU (1)~ = U(o(n]p)).

The sheaf of VOA 7% is defined by

<
Vx = lm 75",
neN

which is a possible infinite-rank locally free O¢-module (i.e. vector bundle).

1.7 Conformal blocks for families of compact Riemann surfaces

Definition 1.19. We call
X=(m:C— Blaina) = (m:C— Blsr, - ,snim, -+ 0n) (1.26)
a family of N-pointed compact Riemann surfaces with local coordinates if
(1) m:C — Bis a family of compact Riemann surfaces.

(2) Foreachi,; : B — Cisasection, namely, a holomorphic map satisfying 7 og; = 13.
Moreover, we assume:

(@) <i(B)ng;(B) = ifi+#j.
(b) For each b € B, each connected component of C;, contains ¢;(b) for some 1 < i <

N.

(3) M, ,nn are local coordinates at ¢, (B), - - - , sy (B). Namely, for each i, there exists
a neighborhood U; of ¢;(B) such that ; € O(U;), and that 7, restricts to a univalent
function on U; n C, and satisfies 7;(s;(b)) = 0 for each b € B. (Equivalently, (n;, ) is
a biholomorphism from U; to a neighborhood of {0} x Bin C x B sending ¢;(5) to
{0} x B.)

If the local coordinates are forgotten, then (7 : C — Blsi, -+ ,qy) is called a family of
N-pointed compact Riemann surfaces. Define the following divisor of C

Sx = c1(B) +--- + n(B) (1.27)

Remark 1.20. Suppose X = (7 : C — B‘q, e LSNGML, -+, ) s a family of N-pointed
compact Riemann surfaces with local coordinates.
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(1) If we choose B as a point (viewed as a 0-dimensional manifold), then X is exactly an
N-pointed compact Riemann surface with local coordinates.

(2) For each b € B, each fiber

%b = (Cb‘gl(b)7 o 7§N(b)7 771|C},7 T 777N|Cb)
is an N-pointed compact Riemann surface with local coordinates.

(3) Define relative tangent bundle O/ as the subbundle of ©¢ containing sections of
Oc killed by dr : ©¢ — Op. The relative dualizing sheaf w5 is defined as the dual
bundle of ©¢ /3. If U is an open subset of C, then the sections of w¢/5(U) are of the
form fdn, where f € O(U) and n € O(U) is univalent on each fiber of U. If u € O(U)
is another function univalent on each fiber, then we have transformation rule

fdn=f Szdu- (1.28)

Moreover, we have natural equivalences

@C/B|Cb ~ Og,, wC/B‘Cb = Wey,-

Fix an N-pointed family X = (7 : C — B|s.;7.) and an admissible V*"-module W.
Recall that 7 (7% ® we/p(eSx)) is the direct image sheaf of 3 ® we/z(#Sx). So each

0 € (V2 @uep(05x)) (V) = (Yx ®wey(eS%)) (V)

is a meromorphic section of ¥z ® we s on 7~ (V) with possible poles only at Sx. We
define the residue action of 7. (7x ® we/p(eSx)) on W ®c Op as follows. Since (n;,7) is a
biholomorphism from U; to (n;, 7)(U;), we have two obvious equivalences

(017w = (752 7)1)* = O, = Oyt (1.29a)
(i m)x = (0, ) ™)* 2 weyBlu, = Wm) (U /r(0): (1.29b)

where w(,, =) (v,)/=(v;) is the relative dualizing sheaf associated to the family (n;, 7)(U;) —
7(U;) inherited from the projection C x B — B. We have the following pushforward
maps, all denoted by V,(7;) by abuse of notation:

Vg(m) = (1ly ®(1.29a)) o Ug(ni) : 7/}?|U7; = VY ®c O(nim)((]i), (1.30a)
Vg(m') = (1.30&) ® (1.29b) : "f/x ® WC/B|U1- = \% &c w(mﬂr)(Ui)/ﬂ(Ui), (130b)
V(i) : Y2 @ wes(95%) v, — V ®c Wy, mywy) /() (#{0} x B). (1.30c)

Let z be the standard coordinate of C. If w € W ®c O(V), the i-th residue action of o
on w is defined by
o % w = Res,—oY;(V,(n:)o, z)w, (1.31a)

and the action of 0 on w € W ®c O(V) is defined by

N
o-w = Za*i w. (1.31b)
i=1
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Definition 1.21. The Og-module

_ W ®c Op
T« (V2 ® we/p(0S%)) - (W ®c Op)

Tx(W)

is called the sheaf of coinvariants, whose dual O-module .7;¥ (W) is called the sheaf of
conformal blocks. The global sections of .7;¥ (W) are called conformal blocks associated
to X and W.

Note that this definition does not rely on the L. (0)-grading of W.

2 Sewing and propagation of partial conformal blocks

2.1 Partial conformal blocks for compact Riemann surfaces

Definition 2.1. An (M, N)-pointed compact Riemann surface is an (N + M)-pointed
compact Riemann surface

X = (y*‘C’x°) = (yla"' ayM‘C’xla"' axN)

where the marked points are split into two groups. Those points x, on the right are called
incoming points, and those points y. on the left are called outgoing points. Suppose that
for each j a local coordinate 6; at y; is defined. We call

%:(y*70*|0|x0):(y15 7yM;917"' ,9]\/[|C|CC1,"‘ a:EN)
an (M, N)-pointed compact Riemann surface (with outgoing local coordinates). Set
Sy=x1+--+2znN, Dy =y1+-- +yum. (2.1)

Assumption 2.2. Unless otherwise stated, we assume that each connected component of
C contains at least one of the incoming marked points z, (but not just one of z,, y.).

This assumption ensures that certain cohomology groups vanish, cf. (2.11).

Definition 2.3. For each ay, - ,ap € N, define

7/;51 am 7/;2 = V" (— (L(0)Dx + ary1 + -+ + anmyar))

Ja
_ — 1; <n
ai/f,al,---,aM = 7/33,@* = h_n>17/}i,a1,~",aM
neN

using the data of X, V. More precisely, ”f/fgi is a locally free Oc-submodule of ¥5" de-
scribed as follows: outside y1, - - -, yas, it is exactly 7/5"; foreachl < j < M,if Wjisa

neighborhood of y; on which 6, is defined (and univalent), and if W; n {y1,...,ym} =
{y;}, then 7/5; lw, is generated by
Uy(8) 165 (2.2)

for homogeneous vectors v € V<",
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Definition 2.4. Choose an admissible V*-module W, which is associated to the ordered

incoming marked points z1,---,zy. Define a vector bundle #%(W) over a point pt
(whose structure sheaf is C) as follows. For each set of local coordinates 7;,--- ,ny at
the incoming marked points z1, - - - , xy, we have a trivialization (i.e. an isomorphism of

vector spaces)
Una) : #x(W) =W

satisfying that if there is another set of local coordinates p1,--- ,un at 1, -+, 2y, then
the transition function is

UM)U(pe) ™ =Us(m o pp ') -+ Un (v o py') (2.3)
Notice that U4;(- - - ) commutes with ¢4 (- - - ) if ¢ # j.

Definition 2.5. Define a linear action of H%(C, %3 4, ... a,, ® wc(9Sx)) on #x(W) (called
the residue action) as follows. Choose o € HY(C, ¥x 4, ... a,y @wc(#Sx)) and w € #5x(W).
Choose a set of coordinates 7, at z,. Then

oW = Z/{(n.)fl(a #; U(ne)W) (2.4a)

N
O"WZZO‘*iW (2.4b)
=1

Here U(n.)w is an element of W, and o *; U(n.)w is defined by (1.25a).

Remark 2.6. The above definition of ¢ *; w is independent of the choice of 7,. This was
proved in [FBZ04, Thm. 6.5.4] (see also [Gui24a, Thm. 3.2]), as a consequence of Huang’s
change of coordinate Theorem [Hua97] (see also [Gui23, Sec. 10]).

Definition 2.7 (Cf. [KZ]). Similar to the definition of conformal blocks, we define

Wx(W)

Tz a1, a0 (W) = Tz 0, (W) =
Taran (W) = Txa. (W) HO(C, Yx a1, an @ we(eS%)) - #x(W)

(2.5)

Then Fx 4, ... a5, (W) is called a truncated X-fusion product of the admissible VN
module W. Its dual space 9%*&1 anr (W) is called a truncated dual X-fusion product

of W. Moreover, when a) < a; for each 1 < j < M, there is a natural injective linear map
Tk (W) = T, W). Define the dual X-fusion product of W to be

’ ’ . (
xzaly'":ajw sAM

Ne(W) = lim  J5,, .

a, - ,ap €N

(W). (2.6)

©HaM

Elements in Nx (W), called partial conformal blocks, are linear functionals ¢ : #3(W) —
C vanishing on H°(C, ¥x 4, - ay, ® we(9S%)) - #x(W) for some ay, - -+, ap.
If M = 0, we call ¢ a conformal block, and write y_’{*,al,--- anr (W) as ZF(W).

We remark that 7% .o and J% 0, . o(W) have already been considered in [NTO05, Sec.
7.2] and [DGT24, Sec. 6.2].
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2.2 Partial conformal blocks for families of compact Riemann surfaces

Definition 2.8. A family of (M, N)-pointed compact Riemann surfaces (with outgoing
local coordinates) is an (M + N)-pointed family

X = (T*;9*|7TIC—>B

g.) — (7—17 ’TM;917-" ,ej\/j}ﬂ-c_>6|g17 7§N)

where 7,,¢, are sections and each 6; is a local coordinate at 7;(B). (Recall Def. 1.19.)
We call ¢, the incoming (families of) marked points and 7. the outgoing (families of)
marked points. Define divisors of C:

Sx =<1(B)+ - +sn(B), Dy =7(B)+ -+ mu(B). (2.7)

Assumption 2.9. Unless otherwise stated, we assume that for each b € B, each connected
component of C, contains at least one of the incoming marked points ¢, (b).

Definition 2.10. For each a1, --- ,ay € N, define

7/x<,6717"' ay 7/;’;1* = %Xén( - (L(O)Df +aiT + -+ QMTM))a

bl
_ R E <n
7/3€7a1,-",aM = 7/357% C h—n>17/f,a1,"',azv1'
neN

More precisely, ”f/fgl ay s a locally free O¢-submodule of ”f/fn described as follows:
outside 71 (B), - - - , Tar(B), it is exactly #4="; for each 1 < j < M, let W; be a neighborhood
of 7;(B) on which 6; is defined such that I intersects only 7;(8) among 71 (B), ..., Tm(B),
then “//fc?l ans w, is generated by

Uy (0,) 10 O

for homogeneous v € V<",

Definition 2.11 (Definition of #%(W)). Choose an admissible V*"-modules W, which
is associated to the ordered incoming marked points ¢, --- ,¢n. Choose an open subset
V < B small enough such that the restricted family

Xy = (Tl\vw" My |7 Cy =V cly, - 7§N‘V> 2.8)

where Cy = 7 1(V)
admits local coordinates 7y, -+ ,nn at ¢1(V), -+, sy (V). If there is another set of local
coordinates p1,- -, un at i (V), - ,sn (V) respectively, then we have a family of trans-

formations (n;|u;) : V' — G such that

(n3lpa) © pile, = mile,

for each b € V. By (1.19), we have an isomorphism of Oy -modules

Z/li(m‘,ui) W Oy = W& Oy .
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Set
UMapte) == Uy (m ) - Un(nn|pn) : W Oy = W Oy

By Thm. 1.12 and the fact that U;(p1) commutes with U;(p2) for i # j, U(n.|1e) satisfies
the cocycle condition, and so we can define a locally free O-module

Wx(W)

with a trivialization
U(?].) : Wx(W)‘V — W Oy

for each set of local coordinates 7, at 1 (V), -+ , sy (V). The transition function of #x (W)
is given by
UMe)U (pre) " = U(1a|p1a)-
2.21 Restriction to fibers
For each b € B, the fiber

xb = (Tl(b)7' c 7TM(b);01|W1ﬁCb) e 79M|WMme|Cb’§1(b)a e agN(b))

isan (M, N)-pointed compact Riemann surface with outgoing local coordinates. Here we
assume i (b),--- ,sn(b) are incoming marked points and 71(b),--- , 7as(b) are outgoing
marked points. Define divisors of fibers

Sx(b) = be = §1(b) + -+ §N(b), Dx(b) = Dxb = Tl(b) + -4 TM<b>

Remark 2.12. By comparing the transition functions, it is easy to see that for each n € N,

ai,---,apy € Nand b € B, there is a natural isomorphism of O¢,-modules
<n ~ <n
3€7a17"'7CLM’Cb - 7/36b,a1,---,aM’ (2.9a)

and a natural isomorphism of vector spaces

W (W) ~ #x,(W). (2.9b)
Therefore, we have
VER g @ies(850)ley, = Vi, 01 ® i, (052 (0). (2.90

Proposition 2.13. Let n,a1,--- ,apn € N. For each b € B, there exists ko € N such that for all
k > kg there is an isomorphism of vector spaces

e (50 e any ®esp ()| = HO(Co VS, . 0y, @, (S2(8))) (2.9d)
(recall the notation (0.35)) defined by the natural restriction map

™ (7/;;117 an ®wC/B(ka))b — HO (Cb, /7/;;,721,"' an ®wcb(k53g(b)>) (210)

In particular, (2.10) is surjective.
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Proof. Since the map 7 : C — B is open, O¢ is Op-flat by [Fis76, Sec. 3.20]. Since we have
Asmp. 2.2, by Serre’s vanishing theorem (cf. [Huy05, Prop. 5.2.7] or [BS76, Thm. IV.2.1]),
there exists kg € N such that for all & > kg we have

HY(Cy, V" 0, ®we, (ESx(D))) = 0. (2.11)

> 7 Xp,a1,,

Therefore, by the base change property for flat families of complex analytic spaces, the
restriction map (2.10) defines an isomorphism (2.9d), cf. [BS76, Cor. II1.3.9]. (One can also
appeal to Grauert’s base change theorem [GPR94, Thm. I1I.4.7] or [BS76, Thm. III.4.12].
See the proof of [Gui24a, Thm. 5.5] about how to use this theorem.) O

Corollary 2.14. Let a1, -- ,ap € N. Let V' be any Stein open subset of B. Then for eachbe V,
the elements of . (V.01 .an ® weys(0S5%)) (V) generate the Op p-module m. (V. a; . .ap @
we /B(on)) , (the stalk). Thus, their restrictions to Cy form the vector space H 0 (Cb, Vxyan,an @

we, (05%(b))).

Proof. The first conclusion follows from Cartan’s theorem A (applied to each O-module
T (“//fgll an D /5(kSx)), which is coherent by Grauert’s direct image theorem [GR84,
Sec. 10.4]). The second conclusion follows from Prop. 2.13. O

2.2.2 Sheaves of partial conformal blocks
We assume the isomorphisms (2.9).

Definition 2.15. Define an Op-linear action of s (¥%,a;, ay ® we/p(*Sx)) on #x(W)
(called residue action) as follows. Choose any V' < B small enough such that there are
local coordinates 7y, --- ,nn at <1(V), -+ ,sn (V). For each section o € 7r*(”//357a1,...,aM ®
we/p(98%)) (V) = H(Cv, Y1, an @ weyp(eSx)) and w € HO(V, #%(W)), we have
Ume)w € W® O(V). Since x4y, ay ® weys(eSx) is a subsheaf of 73 ® we/p(eSx),
we can regard o as an element in 7, (3 ® we/s(#S%))(V), and the residue action of o on
U(ne.)w is defined (1.31). The residue actions of o on w are defined by

o wi=UM) " (o % UN)W) e HO(V, #5(W)) (2.12a)
N

oow= Y o%w (2.12b)
=1

where o #; U(n.)w is defined by (1.31a).

Remark 2.16. When restricted to each fiber Cp, using the natural equivalences (2.9), we
have (recall notation (0.36))

(0 % w)(b) = o(b) *; w(b) (2.13)

where o(b) € (2.9d), w(b), (o *; w)(b) € (2.9b), and the RHS of (2.13) is defined by (2.4a),
which is independent of the choice of 1, due to Rem. 2.6. Therefore, the definition of
residue actions in (2.12) is also independent of the choice of 7,.
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Definition 2.17. Define the truncated X-fusion product (of multi-level a,)

_ Wx(W)
T (V2,01 ans @ wWeyp(95%)) - #x(W)

yxﬂh'“ ,anM (W)

where the denominator

I = (Vrar, anr ®weyp(95%)) - #a(W) (2.14a)

is the sheafification of the presheaf #P'® associating to each open V' < B the O(V)-
module

IPEV) = 1 (Vaar an @ weys(08x)) (V) - #a(W)(V) (2.14b)
The dual sheaf is denoted by
T ar o ang W) = (Prar, o an (W)

and called the truncated dual X-fusion product. Following Subsec. 2.1, we can define
the dual X-fusion product Nx (W), which is an Og-module. Global sections of Ny (W) are
called partial conformal blocks associated to X and W.

Note that the definition of 7% ,, (W) relies on the choice of Z.(O)—grading of W since
#x (W) does. (However, if X admits local coordinates 7, and the identification #% (W) ~
W ®&c Op via U(n,.) is assumed, then Jx ,, (W) is clearly independent of the choice of

L.(0).)
Remark 2.18. Recall notation (0.38). Then we know that the following are equivalent:
q) € L7;‘,0,17~~ Sa (W> (B)

< ¢ is an Op-module morphism #x (W) — Op vanishing on ¢ (2.15)
< ¢ is an Og-module morphism #%(W) — Op vanishing on _# ™

We call such ¢ a partial conformal block associated to X, W with multi-level ay, ..., ay;.

One should keep in mind that outgoing marked points and local coordinates are only
used to define the sheaf 7% 4, ... a,,- When there are no outgoing marked points and lo-
cal coordinates, i.e., M = 0, Y% q,.... a,, 1S exactly the sheaf of VOA 7% and dual fusion
products are exactly conformal blocks.

For the convenience of discussion, we define

J(b) = H’ (va 7/351)7111,“' amM ®wcb('53€(b)>) ’ be (W) (2-16)

2.2.3 Basic properties of partial conformal blocks
Proposition 2.19. For each b € B, the evaluation map

W(W)y — W (W), = #a, (W), w — w(b) (2.17)
decends to an isomorphism of vector spaces

yxﬂlw' A M (W) ’b — gxb,au" AN (W)
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Proof. Write m;; = mpgy. Recall that #3x(W),/mpp#x (W), = #x(W)|p. Then
Tx.a1,ay W)y = #5(W)y/_#, where 7, is the stalk of ¢ at b, and hence

gf,al,"- QM (W)b _ Wx (W)b

Tx.a1.any W)y = - '
X,a1,, M( )|b mbyx7a17...7aM(W)b /b +mbW%(W)b

Clearly (2.17) has kernel my#5(W);. Since (2.10) is surjective (Prop. 2.13), (2.17) restricts
to a surjective map

v — J(b) (2.18)

and hence descends to a surjective map (_Z, + mp#x(W)y)/mp #5 (W), — J(b). We thus
have a commutative diagram

Iy + W (W), Wx(W),
my W (W), my W (W)

| - |

J(b) ———— W%, (W) ——— Tx,01, 0 (W) —— 0

gf,al,"- ,aN (W) |b — 0

where the horizontal lines are exact sequences. By Five Lemma, the third vertical arrow
is an isomorphism. I

Remark 2.20. Let ¢ : #%(W) — Op be a homomorphism of Oy-modules. For each b € B,
we have the restriction

blo = W, (W) =~ #x(W)[p - C (2.19)

defined by (0.39). On the one hand, we may ask whether ¢ is a partial conformal block of
X with multi-level a,; namely, whether ¢ vanishes on _# (V') for all open V' — B (equiva-
lently, vanishes on _#P*(V) for all V). On the other hand, one may ask whether for each
b, d|p is a partial conformal block of X;, with multi-level a,, i.e. whether the linear map
(2.19) vanishes on J(b) = (2.16). This is affirmed by the following proposition.

Proposition 2.21. Let ¢ : #3x(W) — Op be an Op-module morphism. Then ¢ €
T ag i ap, W)(B) if and only if blp € Ty, ., (W) foreach b € B.

aM

Thus, whether or not ¢ is a partial conformal block for the family X can be checked
fiberwisely.

Proof. Suppose that for each b € B, we have ¢|;, € %”;al anr (W), i.e. the linear map
by : #x,(W) — C vanishes on J(b). Then for each open V < Band each o € _#ZP*(V), ¢
vanishes on o because for each b € V we have o(b) € J(b) and hence ¢ (o), = ¢[p(c]p) = 0.
This proves “<”. That “=" is true follows from the surjectivity of (2.18). O

Proposition 2.22. Let ® : #%(W) — Op be an Op-module morphism. Suppose that each
connected component of B contains a non-empty open subset V such that the restriction ®|y :
Wx, (W) — Oy is a partial conformal block for Xy, W with multi-level a.. Then ® is a partial
conformal block for X and W with multi-level a..
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Proof. It suffices to assume that 5 is connected. Fix a non-empty open subset V' such that
Py € T uy e an, (WV).

First assume B is Stein. By Prop. 2.21, it suffices to show ®|, € ﬂfmal’m ans (W) for
each b € B. For each b € B and o, € J(b), by Cor. 2.14, we can find 0 € _#P*(B) whose
restriction to b is 0. Note that ®(c) € O(B). By Prop. 2.21 (applied to the restricted family
Xy), ®(0)|t = ®|¢(or) equals 0 for all ¢ € V. Since B is connected, we have ®(c) = 0 by
complex analysis. So ®|,(03,) = ®(0)|, = 0. This finishes the proof.

For the general case, let A be the set of all b € B such that b has a neighborhood U
such that ®|;; is a partial conformal block with multi-level a,. Then A is non-empty and
open. For any b € B — A, let U be a connected Stein neighborhood of b. By the previous
paragraph, ®|;; is a partial conformal block if U has a non-empty open subset U such that
®| is a partial conformal block with multi-level a,. Thus U must be disjoint from A. This
proves that B — A is open. So B = A and we are done. O

2.3 Sewing partial conformal blocks
2.3.1 Sewing a Riemann surface C along several pairs of points
Choose an (M, N + 2R)-pointed compact Riemann surface (recall Def. 2.1)
:% = (ylv' ne 7yM;€17'” 7€M‘é‘$17"' ,.’EN”§{,"‘ ,S‘;%,Ci/,"‘ ,C}é) (220)

where each 6; is a local coordinate at y;.> We will not assume Asmp. 2.2. Instead, we shall
assume the weaker Asmp. 2.24.

We assume X has local coordinates &;,---,&r at ¢f,--- ,¢p and wi, - ,wr at
{5+ ,Sp. Moreover, we assume &1, -+ ,{g, w1, - ,wr are defined on open neighbor-

hoods V/,--- , Vi, V", --- | V[, with biholomorphisms

~ ~

&V = D, w; : V' = D, (2.21)
for some r;, p; > 0.

Assumption 2.23. We assume that y1,...,ynm, 21,..., 20, V{,..., V5, V', ..., Vf are mu-
tually disjoint.

We can sew X along the pairs of points ¢/,¢” for all 1 < i < R to get a family of
(M, N)-pointed nodal curves

X=(y, - ym;br,....0m|7:C— Bloy, - an)

(2.22)
where B = D,,,, = Dy p, X --- xD

TRPR

If bg = (b1,...,bg) € B satisfies b - - -br # 0, then the fiber X;, is obtained by removing
the closed disks

/A B Do (o] M /A W/ ", (ol M
Fip, = {Pz‘ e Vi &)l < o } iy, = {pi e Vi |mi(pi)] < - } (2.23)

)

*The double vertical line | in (2.20) emphasizes that the points after it are for sewing. We will sometimes
write it as a single vertical line or a comma.
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and gluing V;' — F/, and V;" — F} (for all i) by the rule
p; € Vi — F},, isidentified with p} € V" — F}}, <« &(p))wi(p]) = bi (2.24)

This gives Cp, which, together with the marked points y., z. (which remain after sewing)
and the local coordinates of X, forms the pointed surface X;,. Letting b; — 0 for some 7,
we get the pointed nodal curve X, if by ---bg = 0.

Assumption 2.24. For each b, = (b1,...,br) € B such that b; - --bg # 0, each connected
component of C, = 7~ '(b.) intersects {z1, - ,zx}. In other words, we assume that X,
satisfies Asmp. 2.2.

2.3.2 Details of the sewing construction

Let us describe the construction of the family X in details. The general construction
can be found in [Gui24a, Sec. 3]. We make the identifications

VvV = Dy, via §;

2

2.25
V=D,  viaw; @)
The &; and w; become the standard coordinate of C (i.e. the identity maps):
& : Dy, — Dy, w; : Dy, — Dy,
We shall freely switch the orders of Cartesian products. Define
Dy, =Dy x -+ XDy, D,, :=D,, x -+ x Dy,
¢ = &w; : Dy x Dy, = Dyyp, (z,w) — zw
Define also W; and its open subsets W/, W/ by
Wi = Dy, x Dy, x [ [ Drjp, (2.26a)
J#i
W/ =D} xDp, x| [ Dy, (2.26b)
J#i
W/ =Dy, x D) x [ [ Drjp, (2.26¢)
J#
Then we can extend &;, w;, ¢; constantly to
& Wi - Dy, (z,w, %) — z (2.27a)
w; : Wy — D,, (z,w, %) — w (2.27b)
g : Wi = Dy, (z,w,*) — zw (2.27¢)
Then we have open holomorphic embeddings
(&, @i, 1) : Wi = Dy, x Dy, x [ [ Dryp, (2.28a)

J#i
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(é‘ia qi, 1) : Wi, - D’/’i X DTipi X HDijj =~ DT‘Z' X Dr.p. (228b)
J#i
(@i, @iy 1) : W) — D, x Dy, py X ]_[Drj p; ~ Dy, x Dr.p, (2.28¢)
J#i
The image of (2.28b) resp. (2.28¢) is precisely the subset of all (2;,b1,...,bg) € Dy, X Dy,
resp. (wj, b1,...,br) € Dy, x D,,,, satisfying
|bi]

i
e < |wz| < P;.
(3

- <zl <m resp. :

)

So closed subsets F} < D,, x D,,,, and F/' < D,, x D,,,, can be chosen such that we have
biholomorphisms

(&,qi,1) : W) = Dy, x Dy, — F} (2.292)

(2

(@i, ¢i,1) : W' = D, x Dy, p, — F}' (2.29b)

(2

By the identifications (2.25), we can write the above maps as

(&, qi1) : W! SV x D, ,, — F! c C x Dy, . (2.30a)

1

(wi7 q'L’ 1) : WZ” i) ‘/;.// X Dropo - F” = a X DT’QPQ (2‘30b)

1

In particular, we view F! and F as closed subsets of C' x D, .
The complex manifold C is defined by

R
C=Wiu-uWr)| (G x Dpup. — | JF U F;’))/ ~ (2.31)

i=1

Here, the equivalence ~ is defined by identifying each subsets W/, W/ of W; with the
corresponding open subsets of C' x D, ,, — |2, (F/ U F!") via the biholomorphisms (2.30).
7 : C — Bis defined as follows. The projection

C x Dyup. — Dyop, = B
agrees with

gi : Wi = Dy, x Dy, x | [ Dryp; = Drupa = B
J#
when restricted to W, and W/”. These two maps give a well-defined surjective holomor-
phicmap 7 :C — B.
Extend z;, y; constantly to D, ,, = B — C x D, p., Whose image is disjoint from F} and
F! for 1 <i < R. So z;,y; can be extended to sections of w : C — B. The local coordinate
6; of X at y; extend constantly to that of X, also denoted by 6;. (If a local coordinate 7;

of X at z; is chosen, we can also extend it constantly to one 7; on X.) This completes the
definition of (2.22).
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Remark 2.25. We warn the readers that X is NOT a family of compact Riemann surfaces.
When b; ---br = 0, the fiber C, of by = (b1,--- ,br) is not a compact Riemann surface,
but a nodal curve. (See [Gui24a, Sec. 2], or see [ACG11, Ch. 10] for a relatively complete
story about families of nodal curves.) We will not consider such fibers in this article.

Definition 2.26. The set
= {z € C : 7 is not a submersion at z}

is called the critical locus of X. In other words, x belongs to X iff = is not a smooth point
of the fiber C, ;). Write

R R R
W= U W, W= U W oW = I_JW{’ (2.32)

It is not hard to see that 7 is a submersion outside W, and for each 7 we have
Win® = ({0} x{0}) x [ [Dr;p;  =Du xDp, x [ [Dry, (2.33)
J#i J#i
Thus, we have

R
S=W-—W oW = |W— W ow)) (2.34)
i=1
It is clear that the discriminant locus A = 7(X) satisfies

def
A

7(X) = {(b1,...,bRr) € Dr,p, : b1---br =0} =D, ,, — Drx_p_ (2.35)

2.3.3 Thesheaf 7x 4, . 4,

Since X = (2.22) is not a smooth family, the definition of 7% ,, in Sec. 2.2 does not
apply to the current situation. Let us explain how to define this sheaf. The idea is similar
to that in [DGT21, DGT24]. We follow the approach in [Gui24a, Sec. 5].

Define

Vxar,..ay = i YSn

X,a1,.5a01
neN

where each 7/;;1 is an O¢-module defined as follows. Since v : C — ¥ — Bis

San
a submersion, the sheaf ¥~ is defined as in Def. 2.10. Then ¥.=" is an
X—X,a1,...,apn X,a1,...,apn

O¢-submodule of 7= a1oans which agrees with 7=, S ay..ay, Outside X To define

VL 4, Dear Y, it suffices to describe its restriction to each W;. Recall W; — % = w!low/!

Definition 2.27. 7S lw, is the (automatically free) Oy -submodule of

CLl yees AN
S @ lw,—s generated by the sections whose restrictions to W/ and W/ are

Uy(&) (€ On)  resp. Uy(wi) @ OU(yr)v) (2.36)

where &;, w; are defined by (2.27) and v € VS". This is well-defined (i.e. the two expres-
sions in (2.36) agrees on W/ n W/"). See [Gui24a] Sec. 5, especially Lemma 5.2.

aM
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Let us recall the definition of the relative dualizing sheaf w¢/3 which is similar to that
of “//f;* When restricted to C — 3, we/ is equal to the usual cotangent sheaf defined
before. When restricted to each W; , we/g|w, is generated freely by the sections whose
restrictions to W/ and W/ are

&1dg;  resp. - w; ldw;. (2.37)

Again, this definition is well-defined, since the above two expressions agree on W/ n W/
by an easy computation of change of coordinates (recall (2.27)) using (1.28).

Proposition 2.28. Prop. 2.13 and Cor. 2.14 hold verbatim for the family X = (2.22) defined by

sewing X = (2.20) as in Subsec. 2.3.1, except that we assume that the point b is not inside the
discriminant locus A = w(X).

Proof. The smooth family Xp_a satisfies Asmp. 2.2 (cf. Asmp. 2.24). Therefore, applying
Prop. 2.13 to the family Xp_a, together with same argument as the proof of Cor. 2.14
(using Grauert’s direct image theorem and Cartan’s theorem A), proves our goal. O

2.3.4 Normalized sewing

Associate an admissible V*"-module W to z1,-- -,z of X. Recall (cf. Subsec. 2.3.1)
that the local coordinates &, at <, and w, at ¢/ are fixed, but the local coordinates for z,
are not fixed. Recall that the sheaf #3(W) is defined in Sec. 2.1.

Associate a ﬁmtely admissible VXR module M to ¢, ,¢; and the contragredient
module M’ to <7, - - - , ¢;. We identify the vector spaces (recall Def. 2.4)
Wi (WROMEM) = #;:(W)@Me M’ (2.38)

such that, for each set of local coordinates 7, at x., the following diagram commutes:

Ve(WOMRM) ——— #(W)@MeM

U(n.,fom u(n.)@l

WeMe M

This is possible, since it is not hard to see that the map (U(n,) ® 1)~ U(n., £, . ) is inde-
pendent of the choice of 7,.

Recall the notation (1.11). For each n, € N¥, let {m(n.,a) : a € 2,,} be a basis of M(n,)
and {m(ne,a) : a € Ay, } be the dual basis of M(n,.)*. Note that 2, is a finite set since M
is finitely admissible. Define

O r@e= 3N g (e, a) @ (e, 0) € MM [[gr, s ar]]

NeE eNR ael, °

For any partial conformal block

V: 7 (WOMeM) = #(W)@MeM' — C
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associated to X and the admissible V*(V+2R)_module WQM®M’ of multi-level a1y, QpN,
we define a C-linear map

S : #5(W) - Cllqr, -, qr]]
SR " o (2.39)
w— SP(w) = ll)(w®q.' R « )
S is called the normalized sewing of 1.

Definition 2.29. We say S converges a.l.u. on Bif for each w € #5(W), SP(w) converges
a.lu. on B = D,,,,. (Recall Notation (0.41).) In this case, we have

SP(w) € O(B). (2.40)

2.3.5 The sewing of a partial conformal block is a partial conformal block

We continue our discussion from the previous subsection. The Og-module #%(W) is
defined in the same way as in Def. 2.11. As mentioned before Rem. 2.25, if local coor-
dinates 71,...,ny of X at x1,...,xN are picked, then each 7; can be extended constantly
to local coordinate of X at the section z;, also denoted by 7;. Thus, we can make the
identification

V(W) = #3(W) ®c OB (2.41)
such that for each choice of 7,, the following diagram commutes:
— #3(W)®c Op
N /n-)@l
WQc On

This is possible, since the lower left map U/(n,) composed with the inverse (U (n.) ® 1)~*
of the lower right map is independent of the choice of 7,.

Remark 2.30. With abuse of notations, we also denote g'lb ® 1 by 5’1]). Thus, in view of
(2.39), we have an Og-module morphism

SU : #x(W) = #4(W) ®c O — Cl[a1. - .., qr]] ®c Oz (2.42)
Thus, if 511) converges a.l.u. on B, by (2.40), the above morphism becomes
SY : #x (W) - Op (2.43)
Recall that we are assuming Asmp. 2.24. Also, recall Rem. 2.18.

Theorem 2.31. Suppose that 511) converges a.l.u. on B. Then the morphism §1p W (W) — Op
is a partial conformal block of multi-level ay, . .., aps outside the discriminant locus A, i.e.

SUls-a € T L aran, (W)

Equivalently (cf. Prop. 2.21), S|, € Ty 0, (W) foreach b e B — A.
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To prove Thm. 2.31, we need the following analogue of [Gui24a, Thm. 10.3]. Recall
(2.14) for the meanings of the notations ¢, #P'®.

Proposition 2.32. Suppose h € F5 . (WQMQM'). Then S vanishes on

%al
IP(B) = H(C, Va0, ans @we/s(95x)) - #x(W)(B).

The proof is similar to [Gui24a, Thm. 10.4]. So we omit some details to make the proof
not extremely long. To explain the ideas, we assume R = 2 in the proof for simplicity.

Proof. Step 1. We claim that for each unital commutative C-algebra A, for each u € V, and
f € Al[&1, @1, ¢2]], the following two elements of (M ®@c M’ ®c¢ A)[[q1, g2]] are equal:

&

Resg, —o YMl(f Ju «51) V@ 'f(§1,g L q2) = &

N d (2.44)

~Resey—o g0 » @Y1 (wf(O)u(YI)uvwl) “ 'f(27w17QZ)ﬂ

w1 w1

See [Gui24a, (10.2,10.3)] for the meaning of the expressions 7' » ®<« and » ® T'« (which

equals T" » ®<« where T" is the transpose of T') if T is a linear operator. Recall U(y1) =

P (=1)LO) (cf. (1.20)).

The proof is similar to [Gui24a, Lem. 10.2]. First, one may simplify discussions by

evaluating the two sides (2.44) with m’ ® m for each m € M, m’ € M’ to get elements of
Al[q1, g2]]- As in [Gui24a, (10.13)], one proves

2O @Yig (a1/60) Uy . 1 /1) (2.45)

as elements of (M ® M')[[&, ¢, g3 ']]- In other words,

YM,l(f()Uf) L()>®<=q

(', Vit (5w, €0) a2 Om) = Gage s (00/€) " OUy1)u, /61 g Ol m)y  (2.46)

which follows from (1.15) and (1.21), as indicated in the formulas before (10.13) of
[Gui24a].
Now, we define an element of (M ® M')[[¢i, w7, ¢51]] to be

Cl&, @1, q2) = Y (& 1O 51)(§1w1)L1( )q;Q(O) » @ (2.47a)

By (2.45), we have

C(&1, w1, q2) = (51@1)L1(0)QQL2(0) ’®YMf,1(W1L(O)U(Y1)U,W1)‘ (2.47b)

Set D = f-C. As shown in the proof of [Gui24a, Lem. 10.2], we have the general fact
about series:

d&; q1 dwoy

= ReSw—0 D(—,w1,q2) ——

&1 & =0 (W1 1) w1

This proves (2.44). If we exchange 1 and 2, a similar description holds true.

Rese, —o D (&, & (2.48)

7q2)
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Step 2. Define divisors of C and C:

N N
:le‘z‘(B) S_’%:le?i T%:Z%’,_i_zgj{/
i= iz ; -

Choose v € H?(C, V2,4, ... ap; @ weyp(#S%)). We claim that we have a formal power series
expansion

v = Z Um,nqrqgu (2.49)
m,neN
where vy, € HO(C, %4 ariap @WE(o(Sz + T})))-

Choose any precompact open subset U  C disjoint from ¢, <}, </, 4. We can find
small enough 0 < ¢ < r,0 < A < psuch that U x D,y < C is disjoint from the sewing
parts. This means the restriction of 7 : C — B to U x D) equals 7 : C x D,y — Dyp.
The section v|yxp,, of Px .41, 4y ® wWe/p(#5%x) can be regarded as a section of 7/5€><D7-p ®
WD, /Dw(on). By taking power series expansion at go = 0, v|yxp,_, can be regarded

as an element in (74 ® wx(e(Sy + T%)))(U)[[ql,qz]]. This defines (2.49) where

X,a1,,an
'UmnEH ( —{§1,§2,§1’,§2}, xal ®w6'(.(5%+T%)))
Recall by (2.26) that

o !/ X " o_ X
W1 =D, x Dy, X Dpyp, Wi =D, x Dy, X Dyyp, Wi =Dy, x D, X Dyyp,

//

and that exchanging the subscripts 1,2 above gives the description of Wy, W3, WJ. By
the description of 7% 4, ... a,, and wc /3 on Win (2.36), (2.37), v|w, —x is a sum of sectlons

whose restrictions to W1 resp. W under the trivializations U, (&) resp. U,(w ) are
Loy d& T L(0) doo
= . == — 2.
f(fh & L 2) &0 € resp f( lywh(h)wl U(yr)u ; (2.50)

where u € Vand f = f(§&,w1,92) € O(Wi). Exchanging the roles of 1,2 gives the
description of v|y,—_x. This shows that the vy, ,, in (2.49) has poles of orders at most m + 1
(resp. n + 1) at <], <} (resp. ¢4, <%). This completes the construction of (2.49).

Step 3. By setting A = C in (2.44) and using the fact that v|y,_x is a finite sum of
vectors of the form (2.50), we have the following equation of elements in (M®M')[[q1, ¢2]]:

S (O @ > @« 400" > @uinn - )l = 0, (2.51)

m,neN

where the residue action of v, , on M and M’ are as in (1.25) using local coordinates

617 527 w1, W2.
On the other hand, since { € ﬂ * (W ® M ® M), for each w € W, considered as a

constant section of W ® O(B), the element Amn € Cl[q1, g2]] defined by

Am,n = Ur’((vm,n'w)@(q;.(()) >®‘)) +¢(w®(vmn q% -©) ’@‘)) +1J,>(w®( L. © >®Urn,n"))
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equals 0. By (2.49) and (2.51), we have

0= Apnudl@ = > V(W 0) @ (@ » @) g a5 = Sp(v-w),

m,neN

which proves S vanishes on IPe(B). O

Proof of Thm. 2.31. Choose any b € B—A. Since #% (W) ~ W®c O viald(n.), #x(W)(B)
generates the fiber #5(W)|, ~ #x,(W). This fact, together with Prop. 2.28 and Cor. 2.14,
shows that #P*(B) generates J(b) = (2.16). Thus, since S\ vanishes on JPe(B) by
Prop. 2.32, S|, vanishes on J(b). So SP|, € T3 0 (W). O

2.4 The main example of sewing related to propagation

Let € = (y1, - ,ym; 61, - ,9M|C’|x1,-~~ ,zy) be an (M, N)-pointed compact Rie-
mann surface with outgoing local coordinates. Assume we have local coordinates
M, ,nn defined on mutually disjoint neighborhoods Vi, --- ,Vx of z1,--- ,xy. More-
over, we choose r1, ...,y > 0 and assume that

n:(Vi) = Dy, foreach1 <i< M

Y1, -+ ,ym, V1, -+, Vi are mutually disjoint
We let
Fi = (P'0,1,0)  Po=--- =P = (P'[0,0)
X=CuPruPru- uPy
where all marked points except yi,- -+ ,yy are incoming marked points. We will write

0,0 as 0;, o0; if we want to emphasize that they are the corresponding points in ;. Let
¢ be the standard coordinate of C. Then ‘B, is equipped with local coordinates (,( —

1,1/¢ and Bo, ..., P are equipped with ¢, 1/¢. Then each incoming marked point of X
is equipped with a local coordinate.

We sew X along N pairs of points (x1,001), -, (xn,0n) using local coordinates
(m,1/¢), -, (nn,1/C) (cf. Fig. 2.1) to get a family X with base D,,.

Figure 2.1
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Remark 2.33. Let us visualize this sewing construction on each smooth fiber. Choose
be = (bl,...,bN)ED;(. EDT>’<1 X o X'D;N =B-A

The fiber X, is obtained by discarding small discs around zi,...,zy € € and o0 €
PBi,...,0n € P, and filling the N holes of € using the remaining parts of Li,...,Pn
by identifying each ; € 9; outside the discarded part with the point p; = n; ' (b;y;) of
¢ (since 7;(p;) - 1/¢(vi) = b;, cf. (2.24)). The N holes of ¢ have been filled. So X, as a
Riemann surface is equivalent to C. The original z; € € is discarded, and 0; € 3; becomes
the point z; on C. The original 1 € 3; becomes 7, 1(b1) on C.

The local coordinates at the marked points y1,--- , v, 171_1 (b1), 21, ,xn of Xp, are

9j at Yj b1_1771 —1lat nl_l(bl) bi_lm at x; (252)
Remark 2.34. According to the above remark, when restricted to D, we have
%D;f. = (3/1,"' 7yM;917"' )9M|7T :C % ’D;-(. - D;-(.’,uaxla”' )xN)a

where 7 is the projection onto the D,,-component, xi, -+ ,xnN,y1,- - ,ym are sections
sending be = (b1,...,bn) to (z1,be),- -+, (TN, ba), (Y1,be), -+, (Ynr, be), and p sends b, to
(1,1 (b1), bs). The local coordinates can be determined fiberwisely by (2.52).

Choose a finitely admissible V*¥-module W with contragredient module W’. Note
that X has incoming marked points z1,...,xn,%©n,01,...,0n,1,,001,...,00xN Where the
1 in the middle belongs to J3;. We associate:

W to the set of points 1, ...,xnx
W to the set of points 01, ...,0n
V to the point 1
W’ to the set of points 001, ..., 0N

(2.53)

Identify (where all ® are over C)

We(W) =W, W epy (WRVOW) =W VW
Vi (WOWRVRW)=WaWVeWw
#x(VOW)=VeW® Op,,

via the trivializations defined by the chosen local coordinates.
Let ¢ : W — Cbe an element of 7, . (W), and let

w:WRVeW - C
wRuRw — (Y1(u, w,w" ) = Y1 (uw)pw, w :

nez

which is a conformal block associated to B; L --- L Pyn. Then P := ¢ ® w is a partial
conformal block for X of multi-level a4, ..., aj and its normalized sewing equals

~

Sh(u@w) = gy > g ) N )= g (v (4),0) (2.55)

neZ
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if the vectors are homogeneous. (Note that w1 (V1 (u),w) = wt(u) + wt (w) —n — 1.) The
a.l.u. convergence of (2.55) on D, is clearly equivalent to the absolute convergence of

gL () (), ) (2.56)

neZ

on |¢i| < r1. By Thm. 2.31, we immediately conclude:

Proposition 2.35. If (2.56) convergences absolutely on |q1| < r1 for all wand w, then §l|)|DT>< €
9* (V ® W). Equivalently, Sy go=b belongs to 73 | (V@ W) for each b € Dy

The local coordinates in (2.52) are not directly applicable to propagation. We define )
to be the same as X, as (M, N)-pointed surface but with different local coordinates:
Doy = W1, ya; 01, -, Om[Cly (b)), 21, 2N)

local coordinates: 0; at y; m — by atn; 1(61) n; at x;

Then by Prop. 2.35 and (2.3), under the identification #4, (V® W) = V® W via the
trivialization defined by the local coordinates of 2);, we have:

(2.57)

Corollary 2.36. Suppose that for each v € V,w e W,
(u®w) Z T Lo (Vi (u),w) (2.58)

nez

converges absolutely when 0 < |q1| < r1. Choose by € D;. Then 1$|q,—p, : VR W — C belongs

to ‘7@*1) o (VOW).

2.5 Propagation of partial conformal blocks

In order to give a module structure on dual fusion products, we introduce propaga-
tion of dual fusion products. Fix a family of (M, N)-pointed compact Riemann surfaces
with outgoing local coordinates X = (71, -+, 7ag; 01, -+, 0p|m : C — Blay, -+, sn) with
divisors defined as (2.7). Recall Asmp. 2.9.

Definition 2.37. Define
I =C xp(C—Sx — Dx) !B=C—Sx — Dx
The propagated family of X is an (M, N + 1)-pointed family
X = (r1, - 0, 00w i€ = Blo sy, ),
defined to be the pullback of X along 7 : 1B — B together with an extra incoming section
o: B -1,z (z,) is the diagonal map

Let pry, pry be respectively the projection of :C onto the first component C and the second
one !B. Then

T = pry : IC — B (2.59a)
i B =0, x = (1(m(x)), z) 16 B =, x — (si(m(x)), ) (2.59b)
W0 = 0 opr (2.59¢)
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Remark 2.38. Note thatif F': B — Band G : B” — B’ are holomorphic maps, then the
pullback of the family X along G o F is equal to the pullback along G of the pullback along
F of X. Thus, from the fact that !X is a pullback of X (together with an extra incoming
section) and that X; is the pullback of X along {b} — B for each b € B, one easily sees that

(X)c,—sx—Dx = UXs) (2.60)

where (1X)¢,—s,— D, is the pullback of :X along C,, — Sx — Dx — C — Sx — Dy, i.e. the
restriction of X to C, — Sx — Dx.

Now suppose W is a finitely admissible V*¥-module. Associate W to ¢, -+ ,sy in X
and associate V® W (which is a finitely admissible V*¥-module) to o, 1, - - - , .5y in 1X.
Proposition 2.39. Foreach ay,--- ,ap € N, there is a canonical isomorphism of Oyz-modules:

2 Wax(VOW) = (Yaar,an ®0c ™ Wx(W)) ‘C_S%_D36 (2.61)

satisfying the following fact: For every open subset U — C — Sx — Dx, every p € O(U) univalent
on each fiber U, = U n 7w (b) (where b € B), and every local coordinates n; ...,nn of X at

Si,--.,SN, if we define the local coordinates of 1X at the incoming sections o,1s1,...,N to be
Ap, I, ..., lnN where

Ap(z,y) = p(x) —ply)  V(z,y) €U xpU (2.62a)

;= 1; ©pry is the pullback of n; (2.62b)

then the following diagram commutes.

V@W —> 7/35111, A ®OC T Wx( )|U

(2.63)
U(Ap,ne) WU (ne)

VW ®c Oy

Proof. Outside Dy, the sheaves 7% ,, and #% are equals. So this proposition follows from
[Gui24b, Prop. 6.2]. O

Our main result in this section is parallel to [Gui24b, Thm. 7.1]. To prove this result,
we first recall the following strong residue theorem for X, cf. [Gui24b, Thm. A.1].

Setting 2.40. Assume that X is equipped with local coordinates 71, --- ,nx at incoming
marked points ¢ (B),-- ,sn(B). Foreach j = 1,--- , N, choose a neighborhood U; < Cp
of ¢;(B) on which a local coordinate 7; is defined, and assume that U; intersects only ¢;(B)
among ¢1(B), -+ ,sn(B), 71(B), ..., m:m(B).

Identify U; = (n;,7)(U;) = C x B via the biholomorphism (7;, ) (2.64)
so that U; becomes a neighborhood of {0} x B. Set
Uj :=U; — Sx = U; — ({0} x B) (2.65)

which is a subset of C* x B. Let z be the standard coordinate of C.
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Theorem 2.41 (Strong residue theorem). Let & be a holomorphic vector bundle of finite rank
and & be its dual vector bundle. Assume Setting 2.40. Assume that for each 1 < j < N we have
trivialization

Elu;, ~ B ®c Oy, (2.66)

where Ej is finite dimensional vector space, and write the corresponding dual trivialization as
&Y v, ~ EY ®c Ov;. (2.67)

Identify &|y,, & |u; with the above trivializations. Consider

sj= . ejn 2" € (E;® O(B))((2)) (2.68)

neZ

where ej,, € E; @ O(B). Foreach b € B, if v, € H°(Cy, & |, ® we, (95x(b))) whose series
expansion in Uj, = U; 0 Cy i3

vl (2) = ) djn2"dz

where ¢;, € B, we define the j-th residue pairing to be
Res; (sj, ) = Res,—o <Z ejn(b)2", Z ¢j,nz">dz (2.69)

Then for arbitrary si, ..., sy as in (2.68), the following are equivalent:

(1) There exists s € H(C, & (eSx)) whose series expansion at ¢;(B) is s; for 1 < j < N.
Namely if we view s|y, as s|u, (b, z), then its series expansion at z = 0 is (2.68).

(2) Forany b e Band any v, € H°(Cy, &Y |c, @ we, (5% (b)),
N
Z Resj <Sj, I/b> = 0.
j=1

Recall (2.62) for the notations Ay and ..

Theorem 2.42. Let W be a finitely admissible V>N -module. Let ¢ : #+(W) — Op be a partial
conformal block associated to X and W of multi-level a1, . .., anr. Then there is a unique O¢_g,.-
module morphism

Zd) : yx,al,...,aM ®Oc W*W}:(W”C*S}j - OC*S:{ (270a)
whose restriction (cf. the identification (2.61)) to (3 = C — Sx — Dx:
1P : Hix (VR W) = Oy (2.70b)

satisfies the following property:

“Choose any open subset V. < B such that for each j the restricted family Xy has local co-
ordinate n; at ;(V'), and choose a neighborhood U; of ¢;(V') on which n; is defined such that U,
intersects only ¢;(V') among ¢1(V'),...,sn(V), 1(V),..., 7 (V).

Identify Uj = (n;,7)(Uj) via (n;, ) (2.71a)
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so that U; is a neighborhood of {0} x V in C x V. Let
U; = Uj — S% = Uj - ({0} X V) (2.71b)
which is a subset of C* x V. Let z be the standard coordinate of C.

Identify #x(W)|y = W®c Oy via U (n.) (2.71¢)
Identify  #x(V@W)|ve = VW ®c Ope via U(An;, ). (2.71d)

For eachu € V,w € W, consider w as a constant section of W ®c O(Uy) and u @ w as a constant
section of V@ W ®c O(Uy). Then the following identity holds in O(V)[[2*']]:

WP (u@w) = b(Yj(u, 2)w). (2.72)

Here Yj(u, 2)w = Y, 7 Yj(u)pw - 27" is an element in W((z)) and 1d(u @ w) € o(Uy) is
regarded as an element of O(V')[[2%1]] by taking Laurent series expansion.”
Moreover, we have 1p € 75, . (VO W).

SaM (

For eachu @ w € Y3 q,,....ap @0 ™ Wx (W) ’c-sx' we shall also write

(v, w) =10 (u@w). (2.73)

This theorem can be proved in a similar way as that of [Gui24b, Thm. 7.1], except that
one should pay special attention to the outgoing sections Dx. We include a proof below
for the readers convenience.

Proof. Step 1. We show that if V, U, are chosen and a morphism ¢|y : #3(W)|y — Oy
satisfies (2.72) (for all v and w) for a set of local coordinates 7,, then it satisfies (2.72) for
any other one 17, at ¢,(V). Indeed, (2.72) is equivalent to that for each v € HY(U 5% ®

wep(*S5%))
Resy;—0 1 d(v Q@w) = (v *; w) (2.74)

where the action v *; w is defined as in (1.31a) and (2.12a) and is independent of the
choice of n; due to Rem. 2.16.

Step 2. Clearly 1 is determined by its restriction to :B. We prove the uniqueness of
the restricted propagation. Note that

2B=C—Sx—Dx=UCb—Sx—D3€ (2.75)
beB

Thus, for two possible propagation 1§, .29 of ¢, it suffices to show that their restrictions
to Cp — Sx — Dx are equal for each b € B. By (2.60), this is equivalent to showing that
ud, 12¢ are equal when restricted to the propagation :(X;) of X;. Let Q be the set of all
x € Cp — Sx — Dx on a neighborhood of which ¢; ¢ agrees with 12¢. Then €2 is open and
intersects any connected component of C, by (2.72) and Asmp. 2.9. If I is a connected
open subset of C, — Sx — Dx intersecting € such that the restriction #jx,)(V ® W)|r is
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equivalent to V® W ®c Or, then by the fact that holomorphic functions on a connected
Riemann surface are determined by their values on any non-empty open subset, we have
I' © Q. So Q is closed, and hence must be C;, — Sx — Dx. This proves the uniqueness.

Step 3. Now we prove the existence of propagation. If we can construct |y for all
open V c B satisfying the conditions as stated in this proposition, then by the uniqueness
proved in Step 2, we may glue all these 1|y together to get :p. Thus, we assume without
loss of generality that B = V' and choose U,, 7, as stated in this proposition.

By (2.71c), we have

V20, @ We(W) = Vx 0, OC W. (2.76)
By Prop. 2.39, we make identification
Wix(VOW) = (Yxa,lc—sx—Dx) ®c W (2.77)

By the commutative diagram (2.63), we have

Vix(VOW)|ue = (Yxalvy) ®c W Z VW Oue
@ : both via (2.71d) and via U,(n;) ® 1

(2.78)

Foreachk e N, let & = (”I/ff*)v be the dual bundle of "I/ﬁ*. Then the identification
Vi lo, = VE@c Oy, vially(nj) (2.79)

is compatible with identification (2.67) in Thm. 2.41 if we choose the E; in Thm. 2.41 to
be (V<F)V. Choose w € W and let ¢, € (VSF)¥ ® O(B) be determined by

ejm € VSF s (Vi (u)_p_1w) € O(B). (2.80)

Define s; = >, ., e;n2" for 1 < j < N. By the compatibility of the identifications (2.78)
and (2.79), for each v, € H° (Cb, Vxp0. @ We, (on(b))), the j-th residue pairing defined in
Thm. 2.41 equals

Res; (sj, ) = (b, v ; w)

where w is considered as a section of #%,(W) = W. Since ¢|, vanishes on H 0 (Cb, Vxpae @
we, (85x())) - #x,(W) for each b € B due to Prop. 2.21, we see that

N
Z Resj <$j, Vb> =
=1

Jj=

N
Z <¢|b70 *5 ’lU> =0,
=1

J
which implies that si,---,sy satisfy (2) in Thm. 2.41. So there exists
s € H(C, (7/35:*)%-535)) as in (1) of Thm. 2.41. Its restriction to C — Sy defines an

O¢—_s,-module morphism ”I/ff* lc—5x—Dy @ W — O¢_g,— D, Since these morphisms are
compatible for different k and w, we can extend them O¢_g,-linearly to a morphism
P (“nya* ’C—Sx) Rc W — OC—er which satisfies (2.72).
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Step 4. Finally, we prove that !¢ is a partial conformal block. By (2.75) and Prop.
2.21, it suffices to check that !$|¢c,—s,—p, is a partial conformal block of multi-level a.
associated to the family (2.60). Thus, by focusing on X; and its propagation ((X;) = (2.60),
we may replace X with X3 so that X is a single pointed surface. By shrinking U;, we may
assume that 1;(U;) = D, for some r; > 0. Since the LHS of (2.72) is a holomorphic
function on the punctured disc U} = D, the RHS of (2.72) converges absolutely on D;.
Thus, by Cor. 2.36 and Prop. 2.21, we have ($ € y(;k%)m,al,...,azu (V® W) for each j. Hence

J

e 7%, (VOW) by Prop. 2.22. O
Recall Def. 1.6.
Corollary 2.43. Choose a1, . ..,ap € N.
X=(y, - ,ym; 01, 79M‘C‘$1,"' VIN, 21, 5 2L)
be an (M, N + L)-pointed compact Riemann surface with outgoing local coordinates and
Sx=x1+-+azy+z+---+2zL, Dx=y1+--+ym.

We assume x1,--- ,xN, 21, - , 2L are incoming marked points and yi,--- ,yy are outgoing
ones. Instead of Asmp. 2.2, we assume a stronger condition:

Each connected component of C' contains at least one of 1, -,z . (2.81)
Choose local coordinates m,- -+ ,nn, @1, ,wr at 1, -+ , TN, 21, - ,2L. Associate a finitely
admissible V*N-module W to z1, - - - , xn and a finitely admissible V*Lomodule M to zq, - - -, 2.

Identify — #x(WQRM)=WM  vial(n.,w.).

Suppose that E is a generating subset of M. Then any partial conformal block ¢ € T3¢, (W@ M)
is determined by its values on W @ E.

Proof. By induction on the & in (1.8), it suffices to show that if ¢ € 7, (W ®M) vanishes
on W ® E, then ¢ vanishes on W ® Y (u),E foreachu e V,1 < j < L,ne Z. Asin (2.77),
we make identification

%%(V@)W@M) = (%357611,'“7!11»1 ®W*W%(W®M>)‘C—SX—D3€
= Y201, ap |C—Sx—Dx ®c W @ M.

via Prop. 2.39. By (2.81), the connected component C; of C containing z; contains one of
x1,...,xN,say x1. For each w e W, m € E, in C((z)) we have

d(Yi(u,z)w®m) =0, VYueV.

Thus, by (2.72), the 1d : #ix(VOW®M) — Oc—_g,—p, vanishes on a neighborhood of z;.
As in the proof-Step 2 of Thm. 2.42, the set ) of x € C; — Sx — Dx on a neighborhood of
which (¢ vanishes is an open and closed subset. So 2 = C; — Sx — Dy, i.e., $ vanishes
on Cj — Sx — Dx. Therefore, by (2.72), in C((z)) we have

d(w®Yj(u,z)m) =0,

which finishes the proof. O
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Corollary 2.44. Let ay,...,ap € N Let X = (y1,- -+ ,ynm; 01, ,OM‘C]azl,--‘ ,xN) be an
(M, N)-pointed compact Riemann surface with outgoing local coordinates. Associate a finitely
admissible VN -module W to x1,--- ,xn and let ¢ € 935"@1 (W). Identify

RN,
%X(VC@ W) = (7/36411,'-- 7“1VI|C*S3€*D3€) ®c WX(W)

by Prop. 2.39. Then for each x € C' — Sx — Dx, 1|, is the unique linear map Vx a, ... ap; |z @c
Wx(W) — C which belongs to 7Yy, (V®W) and satisfies

(1@ w) = d(w) (2.82)

for each w € #x(W). Thus, we have a linear isomorphism

TEes(W) = T 0 (VOW) & bs (2.83)

Proof. By Assumption 2.2, each connected component of (2X), contains one of the incom-
ing marked points z1, - - - ,xn. Thus (0X), satisfies (2.81) if we set L = 1, z; = x. Note that
1 generates V as a finitely admissible V-module. Thus, the uniqueness statement in the
corollary follows from Cor. 2.43.

We claim that :$(1 ® w) = ¢(w) holds as a holomorphic function on C' — Sy — Dx. By
(2.72), this relation holds on punctured disks around z1, . . ., n. So itholds on C—Sx—Dx
by complex analysis.

Clearly (2.83) is injective. For each { € ﬂ(;“x)z’a* (VW), if welet ¢ : #%(W) — C be
¢(w) = P(1 ® w) for each w € #5(W), then Y = 1d|,. So (2.83) is surjective. O

2.6 Double propagation

Fix an (M, N)-pointed compact Riemann surface with outgoing local coordinates

X = (y1, - ,ym;b1,--- ,0m|Cla1, -+ ,on). Here we assume z1,--- ,zy are incoming
marked points and y1, - - -, yar are outgoing marked points as usual. Choose neighbor-
hoods Wy, --- , Wiy of y1,- -, yar, on which the local coordinates 64, - - - , 8y are defined.

Sx and Dy are defined in (2.1).

Definition 2.45. The double propagation 12X of X is defined by (1X), where !X is the
propagated family of X. It is a family of (M, N + 2)-pointed compact Riemann surfaces.

Remark 2.46. Recall the notation (0.33). We can write 1*X in details as

22% :(223/17 e ;323/M§ 22917 ceey 220M‘
> m: C x Conf?(C — Sx — Dx) — Conf?(C — Sx — Dx) | (2.84)

01,002,201, -, PaN)
where 1?7 is the projection onto the second component. The sections
i, 2y, op : Conf?(C' — Sy — Dx) — C x Conf?(C — Sy — Dx)
are defined by

z2$i(zl) Z?) = (Ii7 21, 22) (2853)
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Py;(21,22) = (95, 21, 22) (2.85b)
ok(21,22) = (2, 21, 22) (2.85¢)

12y, are the outgoing sections, and 0., 12z, are the incoming sections.
20; = 0, opry (2.85d)

(where pr; : C x Conf?(C — Sy — Dx) — C is the projection onto the first component) is
the local coordinate of :>X at y; x Conf?(C' — Sy — Dx).

Remark 2.47. Suppose that the local coordinates 7i,---,ny at the incoming marked
points x1, -+ ,zy are chosen. Then the local coordinates of X at the incoming marked
points o1,02,%21, -,z can be described as follows. The local coordinates at z; x
Conf?(C — Sx — Dx) are defined by

22771‘ = 1); 0 pry (2.86a)

Suppose V is an open subset of C'— Sy — Dx, which admits a univalent function € O(V).
Then the local coordinate Ay of the restricted family (:2X)y at o4 (V) is defined by

App(w, 21, 22) = p(@) — p(ze), k=1,2 (2.86b)
whenever this expression is definable. Thus, Aqu, Agp, 2n1,- -, %ny are the local coor-
dinates associated respectively to o1, 02, a1, ..., 2%xy, written for simplicity as

(Aeps, P10) 1= (Arp, Aop, P, - - 1)

For each ay, - - - , aps, define an infinite-rank locally free Op2-module

]2 L * *
7/3€,a1,-~~ ay - PIn 7/35#11,“' an @ Pro 7/357611,'“ AN

where pr; : C? — C is the projection onto the i-th component. If V < C' — Sy — Dy isan
open subset and ;. € O(V) is univalent, then we have a trivialization

priUy(1) = Py Y2 a1, ans ]pr;l(v) = V®c Opr;1(v) (2.87)
Choose a finitely admissible V*N-module W. Associate W to z1,--- ,zx of ¥ and
V®2®@W (which is finitely admissible) to o1, 09,271, - - - , 2. The following proposition

is analogous to Prop. 2.39.

Proposition 2.48. We have a canonical isomorphism of Ooye2 (o— g, — py)-Modules

Wz?x(V@Q ®W) — 7/352 an |Conf2(C—Sx—Dgg) Q®c #x(W)

;1,0

such that for any two disjoint open subsets Vi, Vo < C—Sx—Dx, any univalent 1, € O(V1), p2 €
O(Va), and any local coordinates ne at the incoming marked points x., the restriction of this
isomorphism to Vi x Vo makes the following diagram commutes.
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Wiz (VO @ W)|vixv, - VEZ . anVixvs ®C #a(W)

U(A-um MM)@W%‘U@(M)@CM(U-)

V2 @ W ®c Ov; x 14

Proof. The proof is similar to Prop. 2.39 and is exactly the same as [Gui24b, Prop. 8.1]. So
we omit the proof. O

Choose aq,...,ap € N. Choose

¢) € c7’}?5(],1,..‘,(],]\/[ (W)

By Thm. 2.42, we have double propagation
o =) € Ty a0, VERW)

By Prop. 2.48, we can view 2¢ as an OCoan(C— S Dx)—module morphism

PV anslCont2 (085 —Dx) ®C #x2(W) = Otonr(c—s5—Da)- (2.88)

Our main result in this section is parallel to Thm. 8.2 in [Gui24b] and is significant for
the construction of V-module structures of dual tensor products. Before describing this
result, we introduce some notations.

For each open subsets V1, Vo < C' — Dx (not necessarily disjoint), we write

Conf(V, — Sx — Dx) = (V} x V3) n Conf?(C' — Sy — Dx) (2.89a)
Ifv; € Va0 ap (V)i = 1,2) and w € #x(W,), write

Pd(v1,v2, w) = PP (privi ® privalcont(ve—sy—py) @ W) (2.89b)

which is an element of O(Conf(V, —Sx — Dx)). Here, vy is for the first propagation, and v;
is for the second one. (We are following the rule that the section for the last propagation
is written on the leftmost side. ) We use the following two symbols

22¢(Ulu V2, w) |P1 P2 = 2( l d)(vh V2, ’U}) ‘P2) ‘pl (289C)

to denote the value of the holomorphic function *¢(vy, v2, w) at (p1, p2) € Conf(V, — Sx —
Dy).

Theorem 2.49. For each 1 < i < N, choose a local coordinate n; at x; defined on a neighborhood
Ui ¢ C — Dx of z. Let Vi, Va be non-necessarily disjoint open subsets of C — Dx. Choose
univalent functions py, € O(Vy,) for k = 1, 2. Identify

Wi (W) =W via U(n.) (2.90a)
4//x7a17... JaM ’Vk =V ®(C OVk. via Z/{Q(,uk) (290b)

(Note that V% q, equals ¥y outside Dx.) Choose v, € V® O(V};). Choose w € W and (p1,p2) €
Conf (Vs — Sx — Dx). The following are true.
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(1) Suppose that Vi = U; (where 1 < i < N), that V; contains only pi, x; among p1, p2, T,
that iy = n;, and that Vi contains the closed disc with center x; and radius |n;(p1)| under
the coordinate n;. Then

ZQd)(Ulv V2, w) ’plam = Zd)(U?v Y;(Ulv Z>w) ’p2 ‘z:m(pl)

where the series of z on the RHS converges absolutely to the LHS, and v, is considered as
an element of V ® C((z)) by taking power series expansion with respect to z = n; at x;.

(2) Suppose that Vi = Vs, that Va5 contains only pq, po among p1, p2, Te, that @1 = po, and that
Va contains the closed disc with center py and radius |p2(p1) — pe(p2)| under the coordinate
po. Then

22(1)(”17 V2, w') |p17p2 = Zd)(Y(Ul, 2)1)2, w) |p2 ’Zzuz(pl)*;u(m)

where the series of z on the RHS converges absolutely to the LHS, and v, is considered as
an element of V® C((z)) by taking power series expansion with respect to z = pa — pa(p2)

at po.
(3) 22¢(17U27w)|p1,p2 = 2¢(U27w)|102'
(4) 32(1)(”17”27“1)‘1)1,192 = 22¢(027017w)|p2,p1'

Notice that by (2.82) we have
(L, w)|p, = d(w) (2.91)

Proof. When vy, v are constant sections, (1) and (2) follow from Thm. 2.42. The general
case follows immediately. (3) follows from Cor. 2.44 by considering the partial conformal
block |, associated to (2X),,, and V®W. To prove (4), consider the two partial conformal
blocks of multi-level a, associated to (1>X),, ,, defined by

(1)1,1)2710) — 22¢(017027w)|p171)2 (U17U2aw) — 22¢(v2’v1>w)|p27101
(where vy,v3 € V,w e W)

(Note that the second one belongs to ,?(;’;x)p ) (V®2 @ W) because the linear functional
1-P2

(v2, v1,w) — 2P(v2,v1,w)l|p, », belongs to T 1), (V®2 @ W).) By (3) and (2.91), they

are equal when v; = v = 1. By Cor. 2.43, they are equal for all vy, vo. ]

Let Conf?(C — Sx) = {(v,y) € C — Sx : « # y}. With the help of Thm. 2.49-(4), we
show:

Proposition 2.50. The morphism ¢ in (2.88) can be extended (necessarily uniquely) to an
Ocont?(c—sy)-Module morphism

2 VL anslcont(-sx) BT P2(W) = Oconezcsy)- (2.92)

Proof. Itsuffices to prove that for any opensets Vi, Vo € C—Sx and any v; € %x 4, ... a,, (Vi)
(where (i = 1,2)), the holomorphic function

f=2d(v1,v2,w) (2.93)
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on (Vi —Sx — Dx) x (Vo — Sx — Dx) —I" extends to a holomorphic function on (V; — Sx) x
(Vo — Sx) —I'where ' = {(z,z) : z € C}.

By (2.70a) of Thm. 2.42 (applied to the family :X), f is holomorphic on (V; — Sx) x
(Vo — Sx — Dx) —TI'. By Thm. 2.49-(4) and (2.70a), f is holomorphic on (V; — Sx —
Dyx) x (Vo — Sx) —I'. Thus f is holomorphic on (V; — Sx) x (Vo — Sx) — ' — Y where
Y = {(yi,yj) : 1 < i,j < M}. Since every closed complex submanifold of codimension
at least 2 is a removable singularity (cf. e.g. [GR84, Thm. 7.1.2]), f is holomorphic on
(Vi —Sx) x (Vo — 8x) — T, O

3 Dual fusion products

Throughout this chapter, we assume the following setting.

Setting 3.1. Fix an (M, N)-pointed compact Riemann surface with outgoing local co-

ordinates X = (y1, - ,ym;01,- - ,OM’C|351,--- ,zy) with incoming marked points
x1, - ,xn and outgoing ones yi, - - - ,yy satisfying Asmp. 2.2. Choose neighborhoods
Wi, -, W of y1,--- ,ym, on which the local coordinates 64, -- , 0, are defined. We

assume that

Wi,...,Wu, 1, ..., zN are mutually disjoint. (3.1)
Sy and Dy are defined in (2.1). Associate a finitely admissible V*¥-module W to
L1y, * yLN-
3.1 Nx(W)is a weak V**-module

Recall Def. 2.7. Choose any ¢ € Nx(W). Then there exist ai,--- ,ap such that ¢ €
T ag i ap, (W) Fix w € #%(W). By Thm. 2.42 (and recall (2.73)), we have a morphism of
Oc¢—s,-modules:

W (= w) : Px 0y, an|c—sx = Oc—5x- (3.2)
Recall that 7% ,, is a subsheaf of ¥x = 7 and that we have trivialization

Uy(05) : Yolw, = V Q¢ Ow, (3.3)
Define Y;(:)y : V®c Nx (W) — #%(W)* by

Y(0)nd,w) = Resg, =0 1 (L{Q(Gj)_lv, w) 07 do; (3.4)

foreachv e Vc Ve O(Wj), we #x(W),and n € Z.

Proposition 3.2. Let ¢ € 75*, . (W). Then for each homogeneous v € V we have
Yj(v)nd =0 ifn = wt(v) + a; (3.5
Thus Y;(v, z) & belongs to #x(W)*((2)) if we write

Yi(v,2)d = > Yi(w)up- 27"

neZ
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A converse of this proposition is given by Cor. 3.14.

Proof. Choose any homogeneous vector v € V. By (2.2), 6" (“)*%574,(6,)~ v belongs to

Y% .0, (W;). Thus, by (3.2), 1 (U, (60;) v w)Hj H*)*45 has removable singularity at y; (i.e. at

; = 0). This proves (3.5). O

By Prop. 2.50, we have the double propagation

Pd(w) : VEE o con2(0—s1) = OCont2(C—sy) (3.6)

where w € #5%(W) is chosen. This morphism restricts to

Remark 3.3. For each open subset V' < C and each v € 7¢(V),w € #%(W), 1d(v,w) is
understood as

W (v]v—sx—Dy> W) e O(V — Sx — Dx) (3.8a)

which has finite poles at y1,...,ynm by (3.2) (cf. the proof of Prop. 3.2). Similarly, if
V1, Vo < C are open, for each u € Yo (V1),v € Yo (Va), $(u, v, w) is understood to be

22¢(U|V1—53—Dx> U|V2—Sx—Daev w) € O(Conf(V, — Sx — Dx)) (3.8b)

(recall (2.89a) for the notation), which has finite poles at y1, - - - , yar by (3.6).
Note that by the uniqueness part of Thm. 242, the expressions !$(v,w) and
¢ (u,v,w) are independent of the choice of ai,...,a)s satisfying that ¢ belongs to

T a0, (W).

Proposition 3.4. For any homogeneous v eV, n e Zand ¢ € ‘7%*,(11,--- i ’aM(

W), we have
Vi€ T0 o ar any (W) where a’; = aj + max{0,wt(v) —n — 1}
K ) ) ]’ )
In particular, for each v € Vandn € Z,

Yi(v)n : Nx(W) — Nz (W)

Proof. Step 1. Fixw € #x(W). Fix1<j < M,neZ,andve V. Thenu ,(05) v e Yo (W5).
For each u € ¥¢(W) where W « C — Sx — Dy is open, note that f = ¢ (u,U,(0;) v, w) €
O((W x W;) n Conf?(C)). Define

P(u) = Resg,—o ¥ (u,Uy(0;) v, w) 67 db; e O(W) (3.9)

where 0; and Res are for the second variable of f. Recall that ¥ equals 7% ,, . e  out-
side y«. So VP is an O¢_g,—p,-module morphism 7, L QM|C Sy—Dy — OC Sy—Dx-
Let us prove that this morphism has removable smgularlty at y1,...,yn. Namely, we
show

Claim: 1 is an O¢_g,-module morphism 7/(11,.--@;,...,(11\4 lo—se = Oc—3, (3.10)
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Suppose that the claim is proved. Our goal is to prove that for each o €
H(C, %.a,... e ang ®uwc(eSx)), Yj(v)n ¢ vanishes on the vector o - w of #x(W) defined
in Def. 2.5. Let { also denote the O¢_g,-module morphism

VR4, ahan|o-5x @ W57 = wo—sy

So (o) € we—g, (C — Sx). By Residue Theorem /Stokes Theorem,

N
Z Resz, (o) = 0.
i=1

For each 1 < i < N, choose a local coordinate 7; at x;, and assume that 7; is defined
on a neighborhood U; containing only x; among all the incoming and outgoing marked
points. Identify #5%(W) = W via U(n.). Notice that if u € ¥(U;), then

(3.9)
Thm. 2.49-(1)

(u)

B ()b, Vi Uy )1ty mi )0 (3.11)

From this one concludes (recalling (1.25))
Resz, (o) = Resp,—o (Y (v)nd, Yi(Up(ni)o, mi)w) = (Yj(0)nd, 0 *i w)

and hence (Yj(v)nb,0 - w) = 3N (Vj(v)nd,0 #; w) = 0. This finishes the proof of the
proposition.

Resg, —o 1 (Uy(0;) v, Yi(Uy (i), ns)w) 07 db;

Step 2. Let us prove the claim in Step 1. First, let ¢ # j and choose a neighborhood
W of y;. By Prop. 2.50, if u € % 4, . o (W) then ¢ (u, L{Q(Qj)*lejﬁuo)v, w) is holo-

morphic on (W x W;) n Conf?(C)), and hence () has removable singularities at y;. This
proves that } is an O¢_ s, —y,-module morphism 7y ,, @) peeans lo—sx—y; = Oc—5x—y,-

It remains to show that the morphism 1 has removable singularity at y;. Identify

/
j7~"1a]\/1

a//c|wj =V &c Owj via Ug(ej) (3.12a)

Wj = Gj (Wj) via Hj (312b)

Let z,( both denote the standard coordinates of C, which are equivalent to 6;. In the

following, when discussing two-variable meromorphic functions, we let ¢ (resp. z) be the
first (resp. second) complex variable.

To complete the proof of the claim, it suffices to show that for each homogeneous u €

V, considered as a constant section of #(W);), the holomorphic function P (u) = b (u)(¢)
on W; — {y;} has poles of order at most wt(u) + a} at y;. Set f = f((, 2) to be

f=2(u,v,w) € O(Conf*(W; — {y;}))-
where ( is for u and z is for v. By Prop. 2.50,

¢atwtw) a4+t (©) £ 2) e O(Conf?(W))). (3.13)
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Choose anticlockwise circles C1, Cy, C3 in W; surrounding y; with radii 71 < rp < r3. For
each z € (5, choose a circle C(z) centered at z with radius less than r3 — r and 7o — 7.
Let m € Z. By Cauchy’s theorem/Residue theorem,

Resco Cp(u)de = § § 1G5 50 = femansCa) g

27 27i 27 2rri
Cg CQ C? C3

el t L f f gt

Cy C1 C2 C(2)

(3.14)

For fixed z € Csy, by (3.13), ¢ a;+wt(u) £(¢ 2) has removable singularity at ( = 0 when 2
is away from 0. So the first term on the RHS of (3.14) equals 0 whenever m > a; + wt(u).
By Thm. 2.49-(2), the second term equals

mn dC dZ m . n dC dZ
3€ § (G 2) 2ri 27ri ﬁ; §C v, )27ri%
Ca2 C(2) Cy Oz
d¢ d
jg § b (Y (v € = 2o, )27512;1
C2 C(z)
d¢ d
< >ffj; RO (¢~ 2o, )27512;1
leN Co Lz
_2< >3§ 2 GV (w), w) Z( ) W) man_1d,wy.  (3.15)
leN IeN

2

By (3.5), (3.15) equals 0 whenever
m+n—1=>wt(Y(u)v) + aj = wt(u) + wt(v) — 1 — 1 + aj,

and hence when
m = wt(u) + wt(v) +a; —n — 1.

In conclusion, when m > a; + wt(u) + max{0, wt(v) — n — 1} = wt(u) + a, (3.14) equals
0. This finishes the proof of our claim. O

Prop. 3.2 and 3.4 tell us (Nx(W),Y}) is a linear representation of V in the following
sense.

Definition 3.5. Let X be a vector space and
V — (End(X))[[=*]]
u— Yx(u,z) = Z Yy (u)pz "1
nez

be a linear map. If for each v € Vand w € X,
YX(v,z)w € X((Z)>7

then we call (X, Yx) (or simply X) a linear representation V.
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To prove that (Nx(W),Y;) is a weak V-module for each 1 < j < M we need the
following criterion. Let X° be a subspace of the dual space X*. We say that X° is a dense
subspace of X*, if the only vector w € X satisfying (w’, w) = 0 for all w’ € X is 0.

Proposition 3.6. Let X be a linear representation of V with Yx(1,z) = 1x. Let X* be a dense
subspace X°. Assume that for each u,v € V, w € X, w' € X°, there exists e > Oand f = f((,z) €
O(Conf?(DX)), such that for any n € Z and z € DY, the LHS of the following (as Laurent series
of z) converge absolutely to the RHS:

(Yx (v, 2)Yx(u)pw,w') = Resc_o f (¢, 2)¢™dC, (3.16a)
Yx(Y (v, 2)w,w') = Res¢—.—0f (¢, 2)(C — 2)"d, (3.16b)
and for any n € Z and € DX, the LHS of the following converges absolutely to the RHS:
Yx(u, Q) Yx(v)pw,w'y = Res.—o f({, 2)2"dz. (3.16¢)
Then (X, Yx) is a weak V-module.

Proof. Choose anticlockwise circles C1, Ca, C3 in D surrounding 0 with radii r; < rp <
rs. For each z € Cy, choose a circle C(z) centered at z with radius less than r3 — ro and
ro — r1. Choose m,n € Z. By Cauchy’s theorem in complex analysis, we have P(z) =
Q(z) — R(z), where

PR = § fCAC -

C(2)

Q) = § 1G5
Cs

R(:) = § (G025
C1

By (3.16b), we can compute

PG = § 623

(7) mel(c . Z)nﬂg
leN m
C(z)

G10) D (7) Y (Y (Wn v, 2w, w') (3.17)

leN

where the RHS converges absolutely. Similarly,
_ _1\n—! n n—I m+l£
R = § 16 T () ten
a leN

(8.162) Z(—l)”_l <n> 2V (v, 2) Y (W) i, w'y (3.18)
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Since P(z) = Q(z) — R(z) holds for all z € C5, for each h € Z we have
jgp(z)zhdz, = ng(z)zhdz, - %R(z)zhdlz,. (3.19)

27

We compute

5562 ) Mcmfc, (s

27i 27i
Ca2 C3
m n_n 4z d¢
%%C FG2)(C = 2)" 27 2i
C3 C2
m+n—1 h le dC
—IEZijCJr - <>f(C7) +%%
@Z(*l)l (7) Y () man—1Yx (0) pprw, w") (3.20)
leN

Substituting (3.17), (3.18), and (3.20) into (3.19), we get

2, <T> Fx (Y (Wn10)mesn-iw,w')

leN

- 2 (_1)l (T;) <YX(U)m+n—lYX(U)h+lw, w'>

leN

- Z(—l)"fl (7) Yx(0)nsh—1 Y (W) mpw, w') .

leN

Since X° is dense in X*, the Jacobi identity (1.1) holds for Yx. This, together with the
assumption Yx(1, z) = 1x, proves that X is a weak module. O

Lemma 3.7. Choose ¢ € Nx (W) and n € Z. Choose v € V. Identify W; = 0;(W;) via 0; so that
6 becomes the standard coordinate z. Then for each section u € Yo _g,—p, and w € #x(W),

(Y5 (0)nd) (1, w) = Res.—o P (w, Uyp(0;) v, w)2"dz (3.21)
where  is for the second variable of b (u,Uy(0;) " v, w).
Proof. When u is defined on a neighborhood U; of z; on which #; is defined,

2.72)

WY (v)nd) (1, w) (Y5 (0)nd) (Yi (U (m:)u, ni)w)
ﬁﬂReszzo W (Up(05) M0, Y (Up(mi)u, mi)w) 2" dz

hm.2.49-
%Reszzo 22CI)(u, L{Q(Qj)*lv, w) 2"dz.

(Note that in the above derivation, we have exchanged the order of Res,—¢ and the
infinite sum in the Laurent series about the variable n;. This is legitimate because
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2d(u,Uy(05)"1v, w) is holomorphic, or alternatively because of Thm. 2.42.) So, in this
case, (3.21) holds on U; — Sy — Dx. As in Proof-Step 2 of Thm. 2.42, one shows that if 2
denotes the set of all x € C' — Sx — Dx satisfying that there is a neighborhood W of = such
that (3.21) holds for all u € ¥(W), then Q2 is both open and closed in C' — Sx — Dy and is
intersecting Uy, . .., Un; one thus concludes €2 = C' — Sy — Dy thanks to Asmp. 2.2. O

Corollary 3.8. Choose ¢ € Nx(W) and m,n € Z. Assume the identifications (3.12). Choose
u,v € V, considered as constant sections of V ®@c O(W;). Choose any w € #x(W). Then

Yj(u)mYj(v)nd, w) = Resc—oRes.—g 22d)(u, v, w)("z"dzdC. (3.22)

Here 2§ (u, v, w) is considered as a holomorphic function b (u, v, w) (¢, z) on Conf?(W; —{y;}),
and the variables ¢ and z are for u, v respectively.

Proof. In (3.21), setu = u € Yo(W;). Apply Res¢c—o(—)d( to (3.21) and use (3.4). O
Lemma 3.9. Foreach 1 < j < M, (Nx(W),Y;) is a weak V-module.

Proof. By Prop. 3.2 and 3.4, (Nx(W),Y;) is a linear representation of V. We shall check
that X = Nx (W) and Yx = Yj satisfy the conditions in Prop. 3.6.

The natural linear map #%(W) — Nx(W)* clearly has dense range X°. Moreover, by
Cor. 2.44, for each v € #5%(W), :1d(1, 1) is a constant function with value ¢(tv). So

<Y](]—)n¢7 m> = Resej:() l (I)(l, m)ﬁ;‘dej = cl)(m)dn,_l

which proves Y;(1, z) = 1g, (w)-

Assume the identifications (3.12). Choose u,v € V,$ € Nx(W), 10 € #5(W). Choose
e > 0 such that D, — W; and let (, z be standard coordinates of I¥;, which are equivalent
to 0. Let f € O(Conf?(DY)) be

f(C» Z) = 22(1)(“’ U, m)(ga Z)'

Then by Cor. 3.8 and Thm. 2.49-(4), (3.16a) and (3.16c) hold for w = ¢ and w’ the corre-
sponding vector of v in X* = Nx(W)* and for all n. To verify (3.16b), we compute

Res.—oRes¢—.—0f((,2) - (¢ — 2)"2"d(dz
=Res,_oRes¢_.—0 PP (u,v,1)((, 2) - (¢ — 2)"2™d(dz

MReSZ:OReSC,ZZO W (Y (u, ¢ — 2)v,m) (¢, 2) - (¢ — 2)"2™d¢dz
=Res,—0 1 (Y (u)pv,w)(2) - 2Mdz
=YY (Wnv)m®, o)
This finishes the proof. O

Theorem 3.10. (Nx(W), Y1, - -, Yy is a weak VM -module.
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Proof. For each 1 < j < M, assume the identifications (3.12). Since we have proved
Lemma 3.9, it remains to show that Y; commutes with Y; for ¢ # j. Let (, z be respectively
the standard coordinate of W; and W;. Choose u,v € V, considered as constant sections
of Yo(W;), Yo (W) respectively. Choose w € #%(W). Then by Lem. 3.7,

(Y5 (0)0) (1, 0) = Res,— (a0, w)2"d.
Apply Res¢—o(—)d( to both sides. Then, by (3.4), we have
(Vi ()Y (0)n b, w) = Resc_oRes,—o 2w, v, 0)(C, 2) - C"2"dzdC.  (323)
Similarly, we have
Y;(0)nYi(w)mb, w) = Res.—oResc—o ¥d (v, u,w)(z,¢) - ("2"d(dz.

The above two expressions are equal by Thm. 2.49-(4). Therefore Y;(u),, commutes with

Y;(0)n. 0
Recall Def. A.9 for the definition of generalized modules.

Corollary 3.11. Suppose that for each aq,...,ap € N, 93;
Then Nx (W) is a generalized VO -module.

aroay, (W) is finite-dimensional.

Proof. By Thm. 3.10 and Prop. A.12 (together with Prop. 3.4). ]

3.2 The canonical conformal block J associated to Ny (W)

Recall Setting 3.1 in which a finitely admissible V*N-module W is associated to
x1,...,zN, and the local coordinates 61, ...,0,, are associated to the outgoing marked
points. Associate the weak V**-module Ny (W) (cf. Thm. 3.10) to 1, - - , yar, and view
X as an (M + N)-pointed surface.

Theorem 3.12. Choose local coordinates 11, ...,y of Cat z1,...,xn. Define a linear map
I:WRNx(W) > C  w®d— dUn.) 'w). (3.24)
Then we have 1 € 7 (W @ Nx(W)) in the sense of Def. 1.17.

We call J the canonical conformal block associated to Ny (W) (more precisely, associ-
ated to X and W ® Nx (W)).

Proof. Identify #x (W) with W via U(n.). Choose any ¢ € Nx (W) and w € W. Denote the
tensor product of 1y (-, w) : Yo—s,—Dy = Oc—5r—Dy and 1 : wo_g,— Dy — WC—5y—D alsO
by

W(,w): Yo @wele—sy—Dy = WO—Sx—Dx
Choose o € H°(C, Yo @wc (9Sx + Dx)). Recall notations (1.25). Then for each 1 < i < N,

(1.25a) 2.72)

b (o #; w) Resg, & (Yi(Uy(ni)o, ni)w) Resz, 1d(0,w). (3.25)
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Foreach1 <j < M,

(1.25a) (3.4)
(05 ) (w) (Resy, Y;(Uy(0;)0,0;)d, w) == Res,, 1d(0, w). (3.26)
Therefore, by residue theorem/Stokes theorem and that !¢ (o, w) € we(C' — Sx — Dx),
N M
o (wed) =, H(oxw) @)+ ), Ww (o +; b))
i=1 j=1
N M M
Z (0 #; w) Z (0% ¢)(w Z Resgz, 1d(o,w) + Z Resy; 1dp(o, w)
=1 7j=1 7j=1
equals zero. O

Remark 3.13. From the above proof, it is clear that Thm. 3.12 is equivalent to that for each
oe HY(C,7c @ wc(eSx + eDx)), d € Nx(W), and w € #%(W), we have

Za*]d) Zd)o*w (3.27)

Using this formula, one easily shows the following converse of Prop. 3.2:

Corollary 3.14. Let ¢ € Nx(W) and aq,...,an € N. Suppose that ¢ satisfies (3.5) for each
1 <j<M,neZ, and homogeneousv € V. Then ¢ € T W).

yAL A M (

Proof. Choose any o € H%(C, Vx4, @ wc(eSx)) and w € #x(W). By (3.5), (o *; ¢)(w)
(which can be computed by the middle of (3.26)) equals 0. So the RHS of (3.27) equals 0.
This proves that ¢ vanishes on o - w. So ¢ belongs to 7y, (W). O

155N

Remark 3.15. Let X be an admissible V**-module. Then we clearly have a linear iso-
morphism (the partial trivialization)

U(-0,) : #e(WRX) = #x(W)®X (3.28)
such that for each local coordinates 7, ...,y of z1, ..., 2y, the diagram
Pe(W@X) —0%) (W) @ X
(3.29)
U(TI-:\ 5/( o
W®X

commutes. We identify the two sides of (3.28) via U(-, 0.).
Now, assume that Nx(W) is an admissible V**-module. (This is true when V is Cs-
cofinite and W is finitely-generated; see Thm. 3.30). Then by Thm. 3.12, the linear map

1:7x(W)@Nx (W) = C w®d — d(w) (3.30)

belongs to .73¥ (W ® Nx(W)) in the sense of Def. 2.7. We also call this J the canonical
conformal block associated to Nx (W).

60



3.3 Universal property of (Nx(W), J)

Definition 3.16. A weakly-admissible V**-module M is a weak V**-module satisfying
that for each m € M there exist ay, . . ., ay € N such that for each homogeneous v € V and
each 1 < j < M we have

Yj(v)pm =0 if n > wt(v) + q; (3.31)

Example 3.17. By (1.9a), every admissible V*¥-module is weakly-admissible. By Prop.
3.2 and Thm. 3.10, Klx (W) is a weakly-admissible V*»-module.

The goal of this section is to prove Thm. 3.20. For that purpose, we need an explicit
method of computing (3.4) in terms of the residue action of some global meromorphic
section of 7o ® wc. Recall Wy, ..., Wy in Setting 3.1.

Lemma 3.18. Choose by, ...,byr € Z. Choose E € N. Then there exists T' € N such that for each
neZveVsE 1< j <M, thereexists o € H(C, V5" ® we(TSx + ¢Dx)) satisfying

Uy(0)0],, =v-07d6;  mod H°(W;, VP @c we(—bsy;)) (3.32a)
J
Up(Oh)olyy, =0 mod  HO(Wi, V=P @cwo(=bryr))  (Vk # j) (3.32b)

The following Mittag-Leffler type argument is standard and has appeared in [ANO03,
KZ, DGT24]. We follow the proof of [Gui24a, Thm. 12.1].

Proof. It suffices to assume n < b, since the case n > b; is trivial if we set 0 = 0. Define
divisor A = — Z,]y:l bryk. By Asmp. 2.2 and Serre’s vanishing theorem (cf. [Huy05, Prop.
5.2.7] or [BS76, Thm. IV.2.1]), there exists T € N such that for allt > T,

HYC, V5P @ue(tSy + 4)) =0 (3.33)

Fix1 < j < M. Define A" = —ny; — 3, ., bgy. Then A’ > A. Consider the short exact
sequence

0— 75 Quwe(TSx + A) > V5P @ue(TSx + A') -4 — 0

where ¥ is the quotient sheaf of the previous two sheaves, which is an Oc-module with
support in y;. By (3.33), we have a long sequence

0— H(C, 5" @uo(TSx + A)) = H(C, V5" @wo(TSx + A')) (3.34)
S HY(C,4) — 0 |

Define 3 € H(C,9) to be (the equivalence class of) Uy(6;) v - 67df; on W; and 0 on
C — {y;}. Then any lift ¢ € H(C, ¥5¥ @ we(T'Sx + A')) of j satisfies (3.32). O

Proposition 3.19. Letay,...,apy € N. Let Ee Nand by = a1 + E, ... by = ap + E. Choose
TeNneZveVSE 1< j< M, and o beasin Lem. 3.18. Then for each ¢ € T o, (W) and
w € Wx(W) we have

N
Yi(0)nd,wy = = Y d(0 % w) (3.35)
1=1
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Proof. By (3.26) and (3.27), the RHS of (3.35) equals nyz 1 (Resy, Y (Uy(0k)0, 0k)d, w). Us-
ing (3.32) and (3.5), one finds that this expression equals the LHS of (3.35). O

Theorem 3.20 (Universal property). Choose local coordinates 11, ...,ny of C at z1,...,zN.
Then for each weakly-admissible V*-module M and each T € 73¥ (W @ M) (recall Def. 1.17),
there exists a unique T' € Homyxar (M, Nx (W)) such that the following diagram commutes:

W& M .
1®Tl > C (3.36)
W @ Nx (W)

Remark 3.21. As in Sec. 3.2, when considering .73 (W @ M), we are assigning M to the
marked points y1, ...,y So the X in ZF (W ®M) has N + M (incoming) marked points.

Proof. By (3.24), the only element ¢ € Nx(W) annihilated by J(w ® -) for all w € W is 0. So
T must be unique. Let us prove the existence of T'. Identify #x (W) with W via U(n.).
Define a linear map 7" : M — W* such that for each m € M,

T(m):W—-C w — I'(w®m)

Let us prove that 7' (M) < Nx(W). Choose any m € M. Choose a1,...,ay € N satisfying
(3.31). Choose ¢ € H° (C’, Va0, ® wc(OSx)) and w € W. Since T" is a conformal block
associated to X and W® M, I" vanisheson o - (w®m) = 0 - w®m + w® o - m. (Note that
we are also viewing o as an element of H°(C, 73 @ wc(eSx + ¢Dx)).) So

M N
T(m)(o - w =Z (0% m) @) = ZF (m® (0% w)) (3.37)

k=1 i=1
By (3.31) and the local expression of ¢ near yi, - - ,yy, we have o *;, m = 0 and hence

(3.37) = 0. This proves T'(m) € 73, (W) < Nx(W).
We now prove that T is a weak V*¥-module morphism. Choose any E € N, v € V<F,
neZ,1<j<M.Letd =T(m),and let o be as in Lem. 3.18. Then

N
(Y;(0)n(T(m)), w) 2 Y} (T(m), o+ w) = the RHS of (3.37)

Using (3.32) and (3.31), one finds that the middle of (3.37) equals
L (Y;(v)nm@w) =T (Yj(v)nm), w)
This proves that 7" intertwines the actions of Yj(u)s,. O

Remark 3.22. It is clear that the pair (Nx (W), J) is uniquely determined by the universal
property in Thm. 3.20. Namely, if X is a weakly-admissible V*¥-module, T e Z(W ®
X), and (X, ) satisfies the same property as (Nx(W),J) in Thm. 3.20, then there is a
(necessarily unique) isomorphism ® : X — Nx (W) such that T=J0 (1® ®).

62



Corollary 3.23. Choose local coordinates 11, ...,y of C at x1,...,xN. Then for each weakly-
admissible V*M -module M, we have an isomorphism of vector spaces

HomVx M (M, N%(W)) — y; (W ® M)

(3.38)
T—J1o(1®T)

Proof. Immediate from Thm. 3.20. O

3.4 (s-cofiniteness implies dim 73" (W) < 40

yeers AN

In the remaining part of this chapter, we assume that V is C>-cofinite. Notice Thm.
A.14 for many equivalent descriptions of grading-restricted V®V-modules. By Cor. 3.11,
in order to show that Nx(W) is a generalized V®M_module, we need to show that each
T% o, (W) is finite-dimensional. For that purpose, we need a preparatory result:

Lemma 3.24. Let Vy,...,Vy be Cy-cofinite, and let E < Vi ® - - - ® V y be the finite subset of
homogeneous vectors in Thm. A.13. Let W be a finitely-generated admissible Vi x --- x V-
module. Then for any n € N, there exists v(n) € N such that any L.(0)-homogeneous vector w €
W satisfying wt(w) > v(n) is a finite sum of vectors of the form Yi(u;)_jw® where 1 < i < N,
u=u1Q - Quy ek, >n.

Recall Def. 1.7 for the meanings of wt and wt; and homogeneous vectors.

Proof. By Thm. A.14, W is a finitely-generated weak V; ® - - - ® V y-module. It suffices to
consider the case that W is generated by a single homogeneous vector wy. Let T" be the
set of vectors of the form (A.34) satisfying n, < nN — N + 1. So T is a finite subset of
W. Set v(n) = max{wt(w;) : w; € T}. If w € W is homogeneous and wt(w) > v(n), then
we can also write w as a sum of nonzero homogeneous vectors of the form (A.34) whose
z.(O)-weightS are equal to wt. (w), but now n; must be greater than nN — N + 1. So w is
a sum of vectors of the form Yyy(u)_gwo where u = 11 ® - Quy € E, K >nN — N + 1
and w, is homogeneous. Note that

Y (u) - gwo = > Yi(u1) gy - YN (un)—py w2
ki+-+kny=K—-1+N

For each (ky,-- -, ky) satisfying S | k; = K — 1 + N, there exists 1 < i < N such that

Lo K-14N
P = N n.

This finishes the proof if we let [ = k;. ]
In the following, weset Vi = --- = Vy = Vand fix E < VO asin Lem. 3.24.

Theorem 3.25. Let V be a Co-cofinite VOA. Let W be a finitely-generated admissible V> -
module. Then for each ay,--- ,an €N, Tx g ... .y, (W) is finite dimensional.
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The proof of this theorem is similar to the proof that the spaces of conformal blocks
have finite dimensions [AN03, KZ, DGT24]. We include a proof for the readers’ conve-
nience. Our approach follows [Gui24a, Thm. 7.4]. Recall W(n) = (1.11b). Then

WS = P W) (cf (1.110)
keNk<n

is finite-dimensional by Thm. A.14. In the following proof, we assume:

Setting 3.26. In addition to Setting 3.1, we choose local coordinates 7,...,ny of C at
z1,...,zyN defined on neighborhoods Uy, ...,Uy. Assume that Uy, ..., Uy and y1,...,ym
are mutually disjoint. Identify #x(W) = W via U(n,). Then Jx 4, ... 0y, (W) = W/ 7
where

F = HO(C, V2 sar,an @we(0S%)) - W

Proof. Let E = max{wt(v) : v € E}. By Asmp. 2.2 and Serre’s vanishing theorem (cf.
[HuyO5, Prop. 5.2.7] or [BS76, Thm. IV.2.1]), there exists ko € N such that

HY (C VL ., ®we(kSx)) =0 (3.39)

for all k£ > k¢. Fix an arbitrary k € N satisfying £k > E + ko. We shall prove that for any
n > v(k), any vector of W(n) is a finite sum of elements of W<""! mod _¢. If this claim
is true, then Wsv(¥) _, W/ _# is surjective, and hence W/ ¢ is finite-dimensional.
Choose w € W(n). By Lem. 3.24, w is a sum of vectors of the form Y (u;)_;w°, where
1<i<N,u=u®: - ®uy €E, and [ > k. Then, since wt(u;) = 0, we have

~ .9b
St w?) 22, wt(u) — It l<n—k<n—E—k (3.40)

It suffices to show that each Y;(u;)_;w® is a sum of elements of W<"~1 mod . Thus we
may assume for simplicity that w = Y;(u;)_;w°® for some i. From now on the i is fixed.
Consider the short exact sequence of Oc-modules

0— 4//3557”_ ayy @we(koSx) — 7/3557”, ay @we(lSx) =% —0 (3.41)

where ¥ is the quotient of the previous two sheaves. (Note that the support of ¢ is a
subset of {z1,...,zn}.) By (3.39), we have an exact sequence

0— H°(C, ”//355,...7% @ we(koSx)) — HO(C, "//xiﬁ’...’w Q@ wc(15%))

4
LHO(C,F) - 0 342

Define an element o € H(C,¥) as follows. Uy(n;)|v, is the equivalence class represented
by w; -1, Ldn;, and 0|lc—{z;y = 0. This makes o a well-defined global section of ¢.

By the exactness of (3.42), we can find a lift 6 € H°(C, Af/xSaEl any ® wc(1Sx)) of o and
find some v; € VSE ® Oc(koSx)(U;) for each 1 < j < N such that

Uy(n:)3 v, = i - ;' dni + vi - dn, (3.43a)
Up(n;)olu, = vj-dnj  (ifj # i) (3.43b)
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It follows that o - w° € _# equals w + wa where

N

N
wa = Y (Up(nj)  vjdng) xi w® = Y Resy, o Yj(vg,m;)w’dn;.
j=1 j=1

Thus w = —wa mod _#. Note that for each 1 < j < N, residue action of U,(n;) ™~ 'v;dn;
on w° increases the L(0)-weight by at most E + kg — 1. By (3.40), wa € WwW<r—1. So our
proof is complete. O

3.5 (,-cofiniteness implies that Ny (W) is a grading-restricted V®*-module

Definition 3.27. Let U be a VOA. A generalized U-module M is called of finite-length (cf.
[Hua09, Def. 1.2]) if there is a chain of generalized submodules 0 = My < M; < --- <
M; = M where M;/M,_; is an irreducible (generalized) U-module (i.e. a generalized U-
module such that 0 and M, /M,_; are the only U-invariant subspaces).

Remark 3.28. If U is Cy-cofinite, then a generalized U-module is finitely-generated iff it is
grading-restricted (cf. Thm. A.14), iff it is of finite length (by [Hua09, Prop. 4.3]).

Lemma 3.29. Let U be a Cs-cofinite VOA. Let M be a generalized U-module. Suppose that each
projective object P in the category of finite-length generalized U-modules satisfies

dim Homy(P,M) < +o0.
Then M is of finite length.
We prove this lemma by mimicking the proof of [Hua09, Thm. 4.5].

Proof. Let S be the set of finite-length (equivalently, finitely-generated) generalized U-
submodules of M. Our goal is to show that M € S.
Assume that M ¢ S. Then we have a chain in S:

0=Mo&EM; &My &--- (%)

Since each M]; cannot be M, the above chain is infinite. Each M;/M;_; has finite length
since M; € S. Thus we can find finitely many intermediate modules between M;_; and
M forming a finite increasing chain such that the quotient of any member by the previous
one in this chain is irreducible. Therefore, inserting all these intermediate modules into
the chain (x), we may assume at the beginning that each M;/M;_; is irreducible.

Since U is C>-cofinite, there are only finitely many equivalence classes of irreducible
U-modules (which are grading-restricted by Thm. A.14), cf. [Hua09, Prop. 4.2] or the end
of [Gui24a, Sec. 12]. Thus we can find an infinite subset B ¢ Z such that the members of
{M;/M;_1 }iep are all isomorphic to a nonzero irreducible U-module X. By [Hua09, Thm.
3.23], there exists a projective cover (P, p) of X in the category of finite-length generalized
U-modules. So there exists a morphism p; € Homy (P, M;) such that the following diagram
commutes and the horizontal line is exact:

x (3.44)

T

P
pil
M X 0

0 —— Mi—l
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Since p = ; o p; is surjective, p;(P) does not lie inside M, _;.
Since dim Homy (P, M) < +c0 and B is infinite, {p; };c g must be linearly dependent. So
thereexistk > 1,41 < - <1 <41 in B,and \;,, ... \;, € Csuch that

Pigi1 = )‘ilpil et Aikpik
Then p;, , , (P) is inside M, , and hence inside M, , , 1. This gives a contradiction. ]
Recall Thm. A.14.

Theorem 3.30. Assume that V is Cy-cofinite. Let W be a finitely-generated admissible V*™ -
module. Then Nx(W) is a finitely-generated admissible V> -module.

Proof. By Cor. 3.11 and Thm. 3.25, Nx(W) is a generalized V®*-module. If P is a finite-
length generalized V®¥-module, then by Cor. 3.23, the vector space Homygu (P, Nx(W))
is isomorphic to .7¥ (W ® P), which has finite dimension by Thm. 3.20. (Recall that a con-
formal block is a partial conformal block associated to a pointed surface with no outgoing
marked points.) Therefore, by Lem. 3.29, Nx (W) is a grading-restricted generalized V&M -
module, equivalently (Thm. A.14), a finitely-generated admissible V*-module. O

In the following, we assume the setting of Rem. 3.15, which applies here since Thm.
3.30 establishes that Ny (W) is an admissible V**-module. Then under the identification

W (W@ Nx(W)) = #2(W) @ Nz (W) vial(-,0,) (3.45)

each element of .73 (W@RNx (W)) (in particular, J) is a linear functional on #% (W)®Nx (W).
The same is true if Nx(W) is replaced by any admissible V**-module.

Theorem 3.31 (Universal property). Assume that V is Co-cofinite. Then for each finitely-
generated admissible V*M-module Ml and each T € 73¥(W ® M), there exists a unique T €
Homy xar (M, Nx (W)) such that the following diagram commutes:

1®Tl > C (3.46)
W (W) @ Nx (W) i

Proof. What we shall proof follows immediately from Thm. 3.20 if we identify #%(W)®M

with WM and #5 (W)RNx (W) with WRRx (W) via i (n.)®1, thanks to the commutative
diagram (3.29). O

A Modulesof Vi x --- xVyand Vi ® - ---® Vy

Let Vyi,--- ,Vy be VOAs. In this chapter, we do NOT assume that each graded sub-
space V;(n) of V; = @, .y Vi(n) is finite-dimensional.
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A.1 Admissible (i.e. NV-gradable) and N-gradable modules

The goal of this section is to address the issue raised in Rem. 1.5: whether a weak
Vi x -+ x Vy-module is a weak V| ® - -- ® Vy-module. As pointed out in Rem. 1.5,
this is true and is actually known to experts. It can be proved by checking the weak
associativity of the vertex operators defined by (A.2). This “formal variable approach”
assumes some familiarity with the techniques (developed e.g. in [Kac98] or [LLO04]) of
handling the subtleties in the identities of formal variables.

In this section, we prove a slightly weaker result (Thm. A.4) using complex-analytic
methods in the spirit of [FHLI93] and [Gui23]. An advantage of this approach is that once
the formal series is shown to converge a.l.u. to a holomorphic function, the variables of
this function can be safely changed to some other more convenient variables. As another
advantage, one can check that many algebraic and formal operations actually commute
using the fact that taking residues commute with taking a.l.u. convergent infinite sums of
holomorphic functions. Since this approach does not seem to be as common as the formal
variable approach in the VOA literature, we address all the subtleties in this approach
with sufficient details for the readers’ convenience, although the experienced readers can
certainly fill in the details by their own efforts.

Definition A.1. A weak V; x -+ x Vy-module (W,Y7,...,Yy) (cf. Def. 1.4) is called an
N-gradable V; x --- x Vy-module if there is a diagonalizable linear operator L(0) on W
with eigenvalues in N such that forall 1 <i < N, v; € V;, n € Z, we have

[2(0), Yi(vi)n] = Yi(L(0)vi)s — (n + 1)Yi(vi)n- (A1)
We let
W(n) = {weW: L(0)w = nw}
W = P W(n)*
neN

A vector w in W resp. W' is call L(0)-homogeneous, or simply homogeneous, if it belongs
to W(n) resp. W(n)* for some n € N.

Example A.2. If W is an admissible V; x --- x Vy-module, then W is an N-gradable
V1 x -+ x Vy-module if L(0) is defined by (1.10).

Example A.3. If N = 1, a weak V-module W is admissible iff it is N-gradable.

A.1.1 Main result

Let W be an N-gradable V; x --- x Vy-module with grading operator L(0). For each
keZ,v1€Vy, - ,ony € Vy,we W, define

Yw(n1 ® - @un)pw = > Yi(v1)g, - YN (on) ey w (A.2a)
ot ooy =k 1— N

It is not hard to show that the RHS is finite sum. Let

Yw(vi ® - ®un, 2) = Z Yig(n1 ® -+ @un )z " (A.2b)
keN
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Theorem A.4. (A.2) defines a 1-1 correspondence between the following notions:

(a) N-gradable Vi x --- x V y-modules.

(b) Admissible (i.e. N-gradable) V1 ® - - - ® V y-modules.

More precisely, let (W, Y1, ..., Yy) bean N-gradable V; x - - - xV n-module with grading operator
L(0). Then (W, Yyy), together with L(0) defined by (1.10), is an admissible V1 ®- - -QV y-module.
Moreover, every admissible V1 ®- - -®V x-module (with suitable L(0)) can be realized in this way.

Note that in (b) we are treating Vi ® --- ® V as a single VOA. Clearly (b)=(a) by
setting Y;(v,2) = Yw(1® - -®v®---®1, z) (Where v is at the i-th tensor component). So
we shall only prove (a)=(b).

Corollary A.5. Let W be a weak Vi x --- x V-module. Suppose that W is spanned by some
weak Vi x - - - x V n-submodules which are N-gradable. Then W is a weak V1 ® - - - ®V n-module.

Proof. The only thing to check is the Jacobi identity for Yyw. By Thm. A.4, the Jacobi
identity holds when Yyy is acting on each N-gradable weak V; x - -- x Vy-submodule. [

Our ultimate interest is not in weak or admissible V| ® --- ® Vy-modules, but in
generalized modules or even grading-restricted (generalized) modules of V; ® --- ® Vv
which are extensively studied in the literature. This will be discussed in the next section.

A.1.2 Another perspective on Yy

Let W be an N-gradable V; x --- x Vy-module. For each n € N, define the canonical
projection

Py W=][W(k) > W(n) = {weW: L0)w = nw} (A.3)
Then for each v € V;, 1 < i < N, and m,n € Z, P,Y;(v,z)P,, is an element of
Hom(W(m), W(n))[2*!] since, when v is homogeneous,
Pn}/;(vy Z)Pm = Zn—m—wtv : Pani('U)—n+m+Ww—1Pm

From this, it is easy to see that for each homogeneous w € W, w’ € W' and homogeneous
U1 EVl,...,UNEVN,

W', Yi(v1,21) -+ Y (on, 2n)w)

def e e —
2 ' Y1 (v1)gy - Y (o eyw) 2y ¥t ! (A.4a)
[
= Z (W', P Y1 (v1, 21) Poy Ya(v2, 22) - -+ Py Y (U, 28w ) (A.4b)

n1,...,nN€N

holds in C[[#i}, ..., 25']]. Moreover, on any open subset of CV, the a.l.u. convergence of
(A.4a) is equivalent to that of (A.4b).* (Here, the mutual commutativity of Y3,..., Yy is
not needed.)

“We warn the readers that these two a.l.u. convergences are NOT a priori equivalent when some v; is
not homogeneous since, in that case, not all summands in (A.4b) are monomials of z1, ..., zn. See [Gui23,
Subsec. 7.3] for a detailed explanation.
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Remark A.6. From (A.4b), we know that the powers of zy in (A.4) are bounded from
below, and the powers of z; are bounded from above. From (A.4a) and that Y7,...,Yn
mutually commute, we know that for each permutation o of 1,..., N, we have

<w/a }/1(/017 Zl) o YN(UNa ZN)U)>
=W, Y1) (Ve)s Z01) -+ Yo(n) (Ve(n), Zo(n)) W) (A.5)
These two facts together imply immediately that
W' Yi(vi,z1) - Y (o, znv)w)y € Clei ..o 23] (A.6)

and that (A.4b) has only finitely many non-zero summands (so there is no convergence
issue in (A.4b)). Let Yyy be defined by (A.2). Then in C[2*!] we clearly have

W' Y @+ ®@on, 2)wy = (W', Yi(v1, 21) - Yn (on, 2n)w) | (A.7)

z1==zN=2"

A.1.3 Some convergence properties

Assume the setting of Subsec. A.1.1. To prove that Yy satisfies Jacobi identity, we
need the following convergence lemmas to ensure that taking residues commutes with
certain infinite sums. Assume N = 2, which is sufficient for the proof of Thm. A.4 by
induction. The first lemma is proved in a similar way as [FHL93, Prop. 3.5.1]:

Lemma A.7. Foreach w € W,w' € W, uy,v1 € Vi, u9,v9 € Vo, the sums

2 (W', Y1 (wa, 21) P,y Ya(ug, 21) Py Y1 (01, 22) Py Yo (va, Z2)w ) (A.8a)

nl,ng,n3€N

Z (W', Y1 (v1, 22) Py Ya(va, Z2) Py Y1 (1, 21) Pry Ya(ug, 21)w) (A.8b)

ni,n 7TL3€N

Z <w’, Yl (Ul, Zl)PHIYi (Ul, ZQ)PTLQ)/Q('LLQ, El)PnSYQ (’02, 52)w> (A8C)

n1,n2,n3€N
converge a.l.u. on 2y, Qa, Qy respectively where

Ql = {(21,51,22,52) € (C4 0 < |2’2| < |Zl|,0 < |§2| < |31|} (A9a)

Qo = {(21,21,20,%2) € C*: 0 < |21 < |22],0 < |21] < |22} (A.9b)

and can be extended to the same holomorphic function ¢ on
Q= {(21,21,22,%2) € (CX)4 D21 # 29,21 # 29 (A.10)
such that (z1 — 22)T (21 — 22)T  is holomorphic on (C*)* for some T € N independent of w,w'.

Proof. Step 1. It suffices to assume that u;, vy, ug, v2, w,w’ are homogeneous. Then, as in
(A.4), we can also understand (A.8a) as

(w', Y1 (uy, 21)Ya(ug, 21)Y1(v1, 22) Ya(va, Z2)w)

= 2 (w', Y1 (1) gy Yo (u2) 1y Y1 (01) 1y Yo (v2) 1, w )
k1,k2,ks,kaeN
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1—k;1 lzl—k‘g 1 2—]4:3 1~—k4 1 (A].].)
On any open subset of C* the alu. convergences of (A.8a) and (A.11) are equivalent.
(A.8b) and (A.8c) can be understood in a similar way. Then it follows immediately that
(A.8a) and (A.8c) are equal as elements of C[[2"}, 21, 257!, 25 ]] (and hence as holomor-

phic functions whenever the a.l.u. convergence holds) because Y; and Y> commute.

Step 2. By the locality of vertex operators Y71, Y5, we can choose 7" € N such that
(21 = 20) [Yi(u1,21), Yi(v1,22)] = 0, (31 — Z2)" [Ya(ua, 21), Ya(v2, 22)] =0 (A.12)

as elements in End(W)[[z, 25°!]] and End(W)[[27", 25 ']]. Let f(z1,21, 22, %2) = (A.8a)
and g(z1, 21, 22, 22) = (A.8b). Define

U(21,%1, 22, %) = (1 — 22)" (21 — 22)T f(21, 21, 22, 22) (A.13)
viewed as an element in the C[z;!, 27!, 25!, 25! -module C[[2}, 2, 2571, 25 ]]. Then
(A.12) and the commutativity of ¥; and Y5 imply that

Y= (21— Zz)T(51 - 52)T9(21,51722,52)

By (A.1), the powers of Z; (resp. z1) in (A.8a) are bounded from below (resp. above),
and the same is true for 2z, (resp. Z1) since we can exchange the first two vertex operators
and the second two in (A.8a). This implies that f belongs to the ring C((z;*, 27, 29, 22)),
and so does . Similarly, g belongs to C((z1, 21, 25 L 2o 1), and so does v. Therefore

w(zlv gla 22, g?) € C[Zl 7’2;_17 Z;_l’ 2’;‘1]

Step 3. Now (A.13) can be viewed as a relation in the ring R = C((2; 1,2, *, 22, 2)). In
this ring, (21 — 22)T and (2] — 22)7 have inverses

(21 — 22)_T = Z <_]T> (—1)jsz7jz%' (A.14)
jeN

G-%)"=>) (‘f)( 1)z, 7773 (A.15)
jeN

Therefore, in R we have f = (A.14) - (A.15) - 9. Clearly (A.14) and (A.15) converge a.l.u.
on ;. So does f because 9 is a Laurent polynomial. Since the RHS of (A.14) and (A.15)
converge a.l.u. on ; to the LHS as holomorphic functions, f as a formal Laurent series
of 21, 29, 21, Z2 converges a.l.u. on ; to ¢. Here

o=(21—2)" (21— %) Y € 0(Q)

Therefore, by Step 1, (A.8a) converges a.l.u. on Q2 to ¢. Similarly, (A.8b) converges a.l.u.
on {29 to . O

The following lemma is well-known when W(ns) is finite-dimensional. Without as-
suming the finite-dimensionality, the proof is more subtle.
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Lemma A.8. In Lem. A.7, fix any ny € N. Then

Z (W', Y1 (ur, 21) P, Y1 (01, 22) Py Yo (ug, 21) Poy Yo (v2, Z2)w ) (A.16a)
n1,n3eN
Z W' Y1(P Y (ur, 21 — 22)v1, 22) Py Yo (P, Y (ug, 21 — Z2)v2, Z2)w) (A.16b)
nl,ngeN

converge a.l.u. on 2y, Qs respectively where
Qg = {(21,21,22,52> € C4 :0 < ‘2’1 — 22| < ‘Z2|,0 < |51 — 52| < |22’} (A17)
and can be extended to the same holomorphic function wy,, on Q.

Proof. Step 1. It suffices to assume that all the vectors are homogeneous. (A.1) implies
that (A.16a) belongs to C((z; %, 27!, 22, 22)), and that

Z <w’, Yi (Ul, ZQ)Pin (ul, Z1)Pn2 Y2 (’Ug, gg)Pn3Y2 (UQ, 31)w> (A.18a)

n1,n36N

belongs to C((z1,21,25,",%;")). By (A.12), when multiplied by (21 — 22)7(3) —
%)T, (A.16a) and (A.18a) are equal as elements of the C[2{!, 27", 25", 25 ' ]-module
C[[#Y, 27, 2371, 25 ]]. So this element must be in C[z{, 27, 257, 25°!]. Using this fact,
one shows as in the proof of Lem. A.7 that (A.16a) and (A.18a) converge a.l.u. on €, {2
respectively to the same function wy,, € O(). A similar argument shows that

Z (W', Y1 (v1, 22) Poy Y1 (w1, 21) Poy Yo (u2, 21) Py Ya (02, Z2)w) (A.18b)
TL1,TL3€N

Z <w’, Yi (’LL1, Zl)Pm Y1 (Ul, ZQ)Pn2Y2 (UQ, gQ)PHS YQ (UQ, 51)w> (A.18C)
nl,ngeN

converge a.l.u. on {|z1] < |22/, |Z1| > |22]} and {|z1]| > |22[, |Z1| < |Z2|} respectively to wy,.

Step 2. It remains to show that (A.16b) converges a.l.u. on {23 to wy,. This is equivalent
to showing that for each r, p > 0, (A.16b) converges a.l.u. to w,, on the multi-annulus

Q3,T,p = {(21,51,22,32) € ((:4 0 < |Zl — 2’2| <r< |2’2|,0 < |21 — 52| <p< |§2|} (A19)

The advantage of working with holomorphic functions on 23 . , is that we can take Lau-
rent series expansions with respect to the four variables z; — 29, 22,21 — 22, Z2. By basic
facts about Laurent series expansions of holomorphic functions on multi-annuli (cf. e.g.
[Gui23, Lem. 7.13]), the RHS of the following converges a.l.u. on {23, , to the LHS:

Wy = D Gk iy (22,22) - (21— 22) 1N (Z — Zp) TR
k1,ko€Z

where

Ay ke = Resz —zo—oResz, _z,20 wn, (21, 21, 22, 22)

(21 — 22)k1 (z1 — ZQ)de(,?l — Z9)d(z1 — 22)
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is a holomorphic function on I, , = {(22,%2) € C? : |z2| > r,|Z2| > p}. The proof will be
completed if we can show that

ky oo (22, Z2) = W' Y1 (Y (w1) iy 01, 22) Py Yo (Y (u2) iy 2, Z2)w) (A.20)

Step 3. We fix (22,22) € I';., and verify (A.20). Choose circles C_1, (1, C~’,1, Cyin C
with center 0 and radii < |z2|, > |22, < |Z2|, > |Z2| respectively. Then

Aoy oy (22, 22)

= Z (_l)i-"—j j; %an(Zl,gl, 29, %2) . (2’1 — Zg)kl (51 — 22>

ij=—1,1 & e

dzy dz
ke L2 A21
2mi 2mi (A-21)

by residue theorem. The four summands in (A.21) can be computed by (A.16a) and (A.18):
By the fact that contour integrals commute with a.l.u. convergent series of holomorphic
functions, (A.18b) implies that

dz, d
§ %wn2(21,§1,22,§2) (21— 2) (21— 32)162272272
C_1Ch
) (k2 ! hi—liska o~ o 921 d21
"2 <l1> (lz) § fﬁwnng(—zg) TR o
l1,l2eN L
k k R
- Z 1 X 2 (_z2)k1_l1(—22)l2
ll 12
l1,l2eN n1.nzeN

(W', Y1 (v1, 22) Py Y1 (w1)1y Py Yo (U2) ky— 1 Py Yo (2, Z2)w )

- 3 ()

(W', Y1 (v1, 22) Y (u1)1, Py Yo (u2) ky—1, Yo (02, Z2)w ) (A.22)

where the last term is a finite sum by (A.1). The other three integrals in (A.21) can be
calculated in the same way. This computes the LHS of (A.20).

By the Jacobi identity (1.1) for Y; (where ¢ = 1,2), for each m,n € N, k € Z, and
homogeneous u, v € V, we have in Endc(W)[2%!] that

PoY; (Y (u)v, 2) P,

= <’;> (=) PoYi(w)sYi(v, 2)Po = <’;> (—2)F~LP,, Yi(v, 2)Yi(u), Py

leN leN

from which one easily computes the RHS of (A.20) and finds that it equals the LHS. [

A.1.4 Proof of Thm. A4

Proof of Thm. A.4. By induction on N, it suffices assume N = 2. Clearly, Yw(1® 1,z2) =
1w and Yyy satisfies the lower truncation property. Moreover, it is easy to show

[L(0), Yiw (u1 ® ug, 2)] = Yiy (L(0) (w1 @ uz), 2) + 20, Yiw(u1 ® ug, 2). (A.23)
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using (A.1). So it remains to check the Jacobi identity (1.1) for Y. Let uy, v € Vi, ug,v2 €
V3 be homogeneous and

A(z) = Yw(ur ®ue, 2), B(z) = Yw(vi ® v, 2).

Our goal is to prove

> <Tln> (An+1B)m+k—i

= (A.24a)
n n
= Z(_l)l (Z>Am+nlBk+l - Z(—l)nH (l) By yk—1Amsi-
leN leN
for each m,n € Z where, for each k,l € Z,
(ArB); = Y (Y (u1 ® u2)i(v1 ® v2)); (A.24b)

Step 1. Choose homogeneous w € W, w’ € W'. By Subsec. A.1.2, for z € C* we have

(W', A(z)w) = Z (W', Ya(ur, 2) PyYa(u2, 2)w)

neN

(W', B(z)w) = Z (W', Y1 (v1,2) Py Ya(vg, 2)w)

neN
where the RHS contain only finitely many non-zero summands. Let 2 = (A.10) and
¢ =¢(21,21,22,%2)  €0(Q)
be defined by Lem. A.7. Let
' = Conf?(C>)
Fl = {(21,Z2> eC*xC*:0< ‘2’2’ < |Zl‘},
I'y = {(21,22) eC*xC*:0< |Z1| < |ZQ|}
Iz = {(21,22) € C* x C* : 0 < |21 — 22| < |22|}

f(Zla 22) = @(21, 21522, 22)

Then f € O(T'). By Lem. A.7, the RHS of the following converge a.l.u. on the given region
to the LHS:

f= Z (W', A(z1)P,B(22)wy onTy (A.25a)
neN

f=>(w B(zx)P,A(z1)w)y onT, (A.25b)
neN

f= Z (W', Y1 (ur, 21) P, Y1 (01, 22) Py Yo (ug, 21) Py Ya(v2, 22)w)y  onTy  (A.25¢)

n1,n2,n3EN

Step 2. Recall the function wy,, € O(Q2) in Lem. A.8. Define g,, € O(T") by

gnz (Z].7 22) = an (Z].u Zlu 227 22)
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Our goal in this step is to show that the RHS of the following converges a.l.u. to the LHS:

f(z1,22) Z Ony(21,22)  onT (A.26)

n9 eN

We already know that this is true on I'; due to (A.25¢). To extend (A.26) from I'; to I', we
follow the proof of [Gui23, Thm. 8.4].
Consider the functions F' € O(I' x C*) and G,,, € O(T") defined by

F(z1,22,q) = th(WHWt(WH%(wz)W(%, qz1, %2, q%2)

Gy (21, 22) = Resy—o F (21, 22,9)q” "2 1dq

By complex analysis, the RHS of the following converges a.l.u. onI" x C* to the LHS:

217227 Z Gng 21722

No€Z

Note that f(z1, 22) = F(z1,22,1). So (A.26) is true if we can prove that G, equals g¢,, on
I'. (Here, we set g,,, = 0if na < 0.)

By the uniqueness of analytic continuation, it suffices to show that G, = g,, on I';.
Fix (21, 22) € I'1. By (A.8c) and (A.1), we have

F(z1,20,9) = Y, {0/, Yi(u1,21) Poy Yi(01, 22) Py g™ Ya (us, 21) Py Ya (v, 22)w)

nl,ng,ngeN

= Z q"? (W', Y1 (u1, 21) Po, Y1 (01, 22) Py Ya (g, 21) Py Ya(va, 22)w )

nl,ng,ng,EN

which, by (A.16a), equals },,,  gn, (21, 22)¢"2. This finishes the proof of (A.26).
Step 3. Let us compute

dz

hi(22) := Res,, o, (21 — 22)% f (21, 20)dz1 = jg (21 — zg)kf(zl,zg)2m

C(z2)

where C(z2) is any circle centered at zp with radius < |z|. By (A.26), the sum of (A.16b)
over all ny € N converges a.l.u. on I's to f if we set Z; = 21, 22 = 22. Therefore, by the fact
that contour integrals commute with a.l.u. convergent series (A.26) and (A.16b), we have

hy;(22)
=2 2 ff (21 — 22)*(w’, Y1 (P, Y (w1, 21 — 22) 1, 22)

n2€N ni ’n3ENC(z2)

dz
27i
= Z Z Z <w,,Y1(Pn1Y(U1)k-1U1,ZQ)PHQ}/Q(PnSY('LLQ)k-Q'UQ,22)w>

n2eNny,n3eN ki ,ko€Z
k=ki1+ko+1

- P, Yo (P, Y (ug, 21 — 22)v2, 22)w

74



= D70 W VA(Y () mon, 22) « Py Yo (Y (U2)k-1-mv2, 22)w)

no€ENmMEeZ
= (', Y (Y (u1 @ ug)k(v1 @ v2), z0)w) (A.27)

where the second last expression has finitely many nonzero summands (cf. Rem. A.6).
Step 4. By complex analysis, the RHS of the following converges a.l.u. to the LHS:
f=> () (z1—2)""  onTj (A.28)

For each zy € C*, if we let C_, C; be circles centered at 0 with radii < |22 and > |23
respectively, then for each m,n € Z we have

3€ F(o1, 22)2T (21 — 2) L

2mi

dz dz
- § f(z1,22)27" (21 — 22 b ff;f 21, 22) 27" (21 —zQ)"—l

271

These three integrals can be computed respectively by (A.28), (A.25a), (A.25b) in the same
way as (3.17) and (3.18): we get

> (77) 2 nga(22)

g(zg ( ><w Amin_iB(z2)w) — %(l) (—22)" (', B(22) A1)

Substitute (A.27) into the LHS, multiply both sides by 2%, and apply Res.,—o(-)dz2. Then
we get (A.24). O

A.2 Generalized V; ® - -- ® Vy-modules

Let U be a VOA whose eigenspaces of L(0) are not necessarily finite-dimensional.
Recall the following definitions from [Hua09].

Definition A.9. A weak U-module W is called a generalized U-module if W is spanned
by the generalized eigenvectors of L(0), or equivalently, if we have a decomposition
W =P W, (A.29)
neC
where Wy,,) is the subspace of generalized eigenvectors of L(0) with eigenvalue n € C,
ie. Wy, is the set of all w € W satisfying (L(0) — n)k
depending on n and w).

A generalized U-module W is called a grading-restricted (generalized) module if
Wi,,) = 0 when R(n) is sufficiently negative, and if each W, is finite-dimensional.

w = 0 for some k € Z, (possibly

Applying the above definitions to the case U = V; ® --- ® Vy, one wants to know
whether a weak Vi x- - - xVy-module is a generalized module or even a grading-restricted
module of V; ® - - - ® V. This is a main goal of this section.
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A.2.1 General results

For each 1 < i < N,n € Z and each homogeneous v; € V;, we call Y;(v;),, a raising
operator resp. lowering operator if the degree of vertex operator

deg (Yi(vi)p) := wt(v;) —n —1 (A.30)
is = O resp. < 0.
Remark A.10. Let W be a weak V; x --- x Vy-module. For each s1,..., sy € C, define
Wi, sy] = {we W: V1 <i< N,3k € Z, such that (L;(0) — s;)"w = 0} (A.31)
Then by Jacobi identity (1.1), for each 1 < i, 5 < N we have
[L;(0), Yi(vi)n] = 6i5(Yi(L(0)vi)n — (n + 1)Yi(vi)n) (A.32a)
[L(0), Yi(vi)n] = Yi(L(0)vi)n — (n + 1)Y;(vi)n (A.32b)

where L(0) := L1(0) + --- + Ly(0). Let W[, be the generalized eigenspace of L(0) with
eigenvalue s. Thus, if Y;(v;), has degree d; = wt(v;) —n — 1, then

Yvi(Ui)nw[sl,...,si,...,sN] = W[sl,...,sieri,...,sNL E(Uz)nw[s] < W[s+d¢] (A33)

Lemma A.11. Let A be the subalgebra of End(W) generated by all Y;(v;), where 1 < i <
N,v; € Vi,n € Z. Let 2, resp. 2A_ be the unital subalgebra generated by all raising operators
resp. lowering operators. Then A = Spanc (2 - A_).

Proof. One needs to show that a product of k£ € Z, vertex operators can be written as a
linear combination of those in 2(, - A_. This follows easily by induction on k£ and by the
formula for [Y;(v;)m, Y;(vj)n] implied by the Jacobi identity. O

The following criterion on generalized V| ® - - - ® Vy-modules can be applied to dual
fusion products. (See Cor. 3.11.)

Proposition A.12. Let W be a weak V1 x - -- x V y-module generated by elements of {T, : o €
A} where each T, is a finite-dimensional subspace invariant under the action of every lowering
operator Y;(v;),, (where 1 < i < N,n € Z and v; € V; is homogeneous). Then W is a generalized
Vi® - ®Vy-module.

Proof. Since 7, is finite-dimensional and invariant under L;(0), ..., Lx(0), by linear alge-
bra, 7, is spanned by common generalized eigenvectors of L;(0),..., Lx(0). Thus, there
is a finite set £ = C" such that

To = @ (7; N W[sl,...,sN]>

(81 ..... SN)€E+NN

and that any two elements of E do not differ by an element of Z" .
Let W, =2 - T,. By Lem. A.11, we have W, = 2 - 7,. Thus, by (A.33),

We = @ Wa,[sl,‘..,sN]

(S1,...,SN)€E+NN
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where W, [5, . sny] = Wa 0 W, . sy]- For each 1 < i < N, define a linear operator EZ(O)
on W, satisfying for each e = (e, ...,ey) € E that

EZ(O) =8 —¢€ on Wa’[sh_..7sN] if (s1,...,8n) €e+ NV

Then 51(0), ... j/ ~(0) make W, an admissible V; x --- x Vy-module. By assumption,
W = Span,W,. Therefore, by Cor. A.5, Wis a weak Vi ® --- ® Vy-module. Since each
W, is spanned by generalized eigenvectors of L(0) = L1(0) + --- + Ly(0), sois W. So W
is a generalized Vi ® - - - ® Vy-module. O

A.2.2 The Cs-cofinite case

The following theorem follows immediately from [Miy04, Lem. 2.4] and the fact that
a tensor product of Cs-cofinite VOAs is C-cofinite. It shows, in particular, that if V is a
Cs-cofinite VOA then each graded subspace V(n) is finite-dimensional.

Theorem A.13. Let Vy,...,Vy be Cy-cofinite. Then there exists a finite subset E ¢ Vi ® - - - ®
Vi such that any weak V1 ® - - - ® V y-module W generated by a vector wy is spanned by

YW(”k)—nkYW(kal)—nk_1 e YW(UI)—nle (A34)
where k € Nyvy,-+- ;v € Eand ny < no < --- < ng. Moreover, E can be chosen as a subset
whose elements are of the form u; ® - - - ® uy, where uy, - - -, un are homogeneous.

Theorem A.14. Assume that V1, ...,V are Cy-cofinite. Then the following statements for W
are equivalent:

(a) W is a finitely-generated admissible V1 x - - - x V y-module.

(b) W is a finitely-generated finitely-admissible V1 x - - - x V -module.
(c) W is a finitely-generated admissible Vi ® - - - ® V y-module.

(d) W is a finitely-generated finitely-admissible V1 ® - - - ® V y-module.
(e) W is a finitely-generated generalized V1 ® - - - @ V y-module.

(f) W is a grading-restricted (generalized) Vi ® - - - ® V n-module.

Proof. (e,f)=(b): Assume (e,f). Then there exists a finite subset F' = C such that the finite-
dimensional subspace 7 = @, W) generates W. Since W is grading-restricted, we can
extend F' to a larger finite set such thatif t € F;n € Nand Wj,_,,; # Othent —n € F.
Thus 7 is invariant under 2(_. As in the proof of Prop. A.12, we can find a finite subset
EccCh, any two elements of which do not differ by an element of 7V, such that

T = @ (TnW[sh...,sN])

(81,...,5N)€E+NN

By Lem. A.11, W = 2, 7. So



and by Thm. A.13 and (A.33), each W
define a linear operator L;(0) on W satisfying for each e = (e1,...,en) € E that

s1,...,sy] 18 finite-dimensional. Foreach 1 <i < N,

~

Li(0) = s; — ¢ on Wi, o 1if (s1,...,sy) ee+ NV

Then L;(0), ..., Ly(0) make W a finitely admissible V; x - - - x V-module.

(b)=>(a): Obvious.

(a)=(c): Immediate from Thm. A.4.

It remains to show that (c,d,e,f) are equivalent. Note that if they are equivalent when-
ever N = 1, then they are equivalent for any N by considering U = V; ® --- ® Vy as a
single VOA. Thus, in the following, we assume N = 1 and write V; = V.

(e)=(f): By (A.33) and Thm. A.13. (f)=(e): By [Hua09, Prop. 4.3], (f) implies that W
has finite length, and hence is finitely-generated.

(e,f)=(d): Apply (e,f)=(b) to the case N = 1.

(d)=(c): Obvious.

(c)=(e): Assume (c). By Thm. A.13 and (1.9a), W is a finitely-admissible V-module.
Thus, by (A.33), W is spanned by some finitely-dimensional L(0)-invariant subspace. So
W is spanned by generalized eigenvectors of L(0). This proves (e). O

B A geometric construction of higher level Zhu algebras

In this chapter, we fix a VOA V and n € N. Our goal is to show that the higher level
Zhu algebra A,,(V) (originally introduced in [Zhu96, DLM98]) can be constructed in a nat-
ural way from dual fusion products and propagation of partial conformal blocks. (That
Ap(V) can be realized from dual fusion products was indicated by [NT05, Prop. 7.2.2 and
A.2.7].) We want to impress upon the audience that many computations about A, (V) in
the literature have geometric meanings, and that these geometric interpretations can be
formulated in a precise way. (In particular, the algebra structure of A, (V) is implied by
the module structures of dual fusion products.) It would be interesting to see if some
other associative algebras and/or their modules related to V (e.g. the A,,(V)-A,,(V) bi-
module A,, (V) constructed by Dong-Jiang [D]08], the associative algebras A" (V) and
A% (V) defined by Huang in [Hua20]) can also be given geometric meanings in terms of
the dual fusion products. See also [Li0Ola, Li01b, Li22] for closely related materials.

The results of this chapter are not used elsewhere in the series of three papers.

B.1 Preliminary

Throughout this chapter, we let ¢ denote the standard coordinate of C, and fix a (2, 1)-
pointed compact Riemann surface with local coordinates

Q= (0,0;1/¢,¢ | P 1;¢ - 1) (B.1)

where 1 is the incoming point (with local coordinate ¢ — 1) and o0, 0 are the outgoing
ones (with local coordinates 1/¢, ¢ respectively). Associate the vacuum module V to the
incoming marked point 1, and identify

WQ(V) =V vial(C)
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By Thm. 3.10, (Nq(V), Yy, Y_) is a weak V x V-module where Y, is the vertex operator
for the marked point o0 and Y_ is for 0. Write the Virasoro operators as

Li(k)=Yi(c)ks1  L—(k) = Y_(C)kt1 (B.2)
Recall Def. 1.3 for the meaning of Y.
The residue actions #; = # and =_ = xq of H* (P!, ¥q ., ®wp1 (e1)) on V are defined

as in (1.25a) (cf. Def. 2.5). The following lemma is helpful for the computation of these
actions.

Lemma B.1. Let

F=> 1" eCQ) (B.3a)
keZ
g=>Ymc"  eC((¢h) (B.3b)
keZ

be respectively sections of Op1 (e0 + ec0) on a neighborhood U . of oo and a neighborhood U_ of 0
suchthat0¢ Uy and co ¢ U_. Letv e V. Let

T=g-Uy(Q)od( € HOU,, Yo ® wpi(s))
0= fU(C)vd, € HOU-, ¥ ® wpi (o0))

Let (W, Y, ,Y_) bea weak V x V-module associated to 0, co. Then for each w € W,

THrL W= — 2 grY | (v)gw (B.4a)
keZ
orow= Y fiY (0)rw (B.4b)
keZ

Proof. (B.4b) is obvious. U,(1/¢)7, as a V-valued holomorphic 1-form, equals
Up(1/Q)r = g €5 (=) Fovd(
thanks to Exp. 1.15. From this, one easily computes that
Ty w = Resyje—g Yy (Up(1/0)7,1/¢Q)w

equals the RHS of (B.4a). O

B.2 Construction of A, (V) from the dual fusion product Nq(V)

The goal of this section is to prove Thm. B.10.

B.2.1 an (V), A,,(V), and the multiplications ¢, op
Definition B.2. Define a vector space

(2.5 A\
T HO(P, Y nn @uwpi(el)) - V

(B.5)
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SO gn(v)* = gs,n,n(v)

Define bilinear maps ¢r,or : VxV — A,(V)** such that for each ¢ € A,(V)* and
homogeneous u,v eV,

(b uop vy =Y (U)wtu-1-P,0), (B.6a)
<(I)7 UOR ’U> = <Y, (U)th,1 : cba U> . (B6b)

Notice that by Prop. 3.4 and (1.7),

~

Y] (Wwtu—1 - An(V)* < A, (V) Yo (0)wto—1 - An(V)* < Ay (V) (B7)
Example B.3. For each ¢ € A, (V)* we have

(b, 1opvy={p,vogl)={(d,v) (B.8)
(p,corLv)y =L (0)d,v) (p,vogc)={L_(0)b,v) (B.9)

Lemma B.4. ¢y, op are bilinear maps V x V — ﬁn(V).

Proof. By Prop. 3.19, the RHS of (B.6a) can be written as ¢(m) for some m € V indepen-
dent of ¢. This shows that u ¢, v equals the equivalence class of m in A4, (V). A similar
thing can be said about u og v. O

Proposition B.5. o, and o descend to bilinear maps
or 1 Vx Ap(V) > A, (V) op: Ap(V) x V- A, (V) (B.10)
Moreover, if u,v,w € V, then the following relation holds in A, (V):
(uopv)opw =uor (Vorw) (B.11)

Proof. By (B.6) and (B.7), if v belongs to the denominator of the RHS of (B.5) (equivalently,
if v is killed by every ¢ € A, (V)*), then so does u o1, v and v o u for every u € V. Thus,
(B.10) follows immediately from Lem. B.4. Since Y| and Y_ commute by Thm. 3.10, for

each ¢ € A, (V)* and each homogeneous u, v, w € V, (B.6) implies that

<¢7 (u oL U) CR U)> = <Y— (w)wtw—l b, uop U> = <YJ/r (U)wtu—l Y. (w)wtw—l - ¢, U>
:<Y— (w)wtw—l . YJ/r (U)Wtu—l . C|>, U> = <Yi (u)wtu—l : d)y UV OR w> = <¢7 UL (U CR w)>

O]

If one can show that ¢, = op, then these two bilinear maps descend to o : ﬁn (V) x
Ap (V) - A, (V). Unfortunately, o7, and ¢p are in general not equal unless when n = 0.
To get equal maps, one needs to pass to a quotient A, (V) of A, (V).
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Definition B.6. Define

Zn(V) = {copv—vopc:ve A,(V)} < A, (V) (B.12a)
An(V) = A, (V)/Zn (V) (B.12b)

Thus, by Exp. B.3, the dual space of A4,,(V) is
An(V)* = {$p € Ay (V)" : L, (0)d = L_(0)$} (B.13)

Lemma B.7. o, and o descend to bilinear maps
or 1V x Ap(V) > An(V)  or: An(V) x V > A, (V) (B.14)

Proof. We need to show that if v € V is homogeneous, then v o, — and — o v send Z,,(V)
into Z,, (V). It suffices to prove

Yi(v)wtv—l ' An(v)* < An(V)* Y_ (U)th—l : An(v)* c An(v)* (B]-S)
Choose ¢ € A, (V)* killed by L1 (0) — L_(0). Then the formula
[Li‘ (0)7 Y_ (U)th—l] = [Yi(c)la Y_ (U)Wtfu—l] =0

implied by (A.32a) shows that Y_ (v)wty—1¢ is also killed by L (0)—L_(0). This proves the
second relation in (B.15). A similar argument together with (1.7) proves the first relation
in (B.15). O

Proposition B.8. We have Zy(V) = 0, and hence Ag(V) = Ao(V).

Theorem B.9. For each u,v € V, the equivalence classes of wor, v and uog v in A, (V) are equal.
Thus (by Lem. B.7), o1, and o descend to the same bilinear map

o Ap(V) x Ap (V) — An(V) (B.16)
We defer the proofs of Prop. B.8 and Thm. B.9 to the next subsection.

Theorem B.10. A, (V) is an associative algebra if we let the map < in Thm. B.9 be the multipli-
cation. The equivalence class of 1 in A, (V) is the unit. The equivalence class of ¢ in A, (V) isa
central element.

Proof. The associativity of ¢ follows from Prop. B.5. That 1 is the unity in A, (V) follows
from (B.8). That c is central in A, (V) follows from (B.12). O

B.2.2 Proofs of Prop. B.8 and Thm. B.9
Lemma B.11. Let v € V. Then the relation vor, 1 = 1 og v holds in A, (V).
Proof. By (B.6), it suffices to show that for each ¢ € A, (V)* we have
— (Vi) b, 1) + Y- (v)g - $,1) =0 (B.17)

where k = wtv — 1. Indeed, we shall prove (B.17) for all k € Z. Let 0 = U,(¢)tv - ¢Fd¢
which is in H(P!, #p1 ® wp1(e0 + e0)). By (B.4), the LHS of (B.17) equals (o *, &, 1) +
(o *_ ¢,1), and hence equals —(¢,0 - 1) by Rem. 3.13. And o -1 = ¥, .5 (H)Y(v)i1 =
0. O
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Note that if we set v = cin (B.17), we get for all ¢ € A, (V)* that

(L4 (0)d,1) =<L_(0)p,1) (B.18)
Proposition B.12. Choose v € V and ¢ € A, (V)*. The following relation holds in C[z*!]:
YL (v,2)p,1) ={Y_(v,2)P, 1) (B.19)
Its value at z = 1 is
Yo(v,1)$,1) = d(v) (B.20)

Proof. By (B.17), (B.19) holds in C[[2*!]]. The RHS of (B.19) belongs to C((z)) by the
lower-truncation property for the weak V x V-module N (V). Similarly, the LHS of (B.19)
belongs to C((z71)) by the “upper truncation property” (cf. (1.7)). So (B.19) € C[2*!]. For
each k € Z, by (3.4) we have

(Y- (0)rd, 1) = Res,—0 1 (U, (¢) 1, 1) 2 dz

Therefore, 1d(U,(¢) v, 1), a priori an element of O(C* — 1) (cf. Thm. 2.42), is a Laurent
polynomial of the standard complex variable z and is equal to (B.19). By (2.72), in C[[z —
1]] we have (by taking the Laurent series expansion of the LHS at z = 1)

2¢(UQ(C>_1U7 1)2 = (b(Y(Uv Rz = 1)1) (BZl)
The RHS equals ¢ (e(z_l)L(_l)v), which is ¢(v) when z = 1. This proves (B.20). O

Formula (B.20) is useful because it looks similar to (w’, Yy (-, 1)w). (See also Rem.
B.16.) Thus, many computations about (w’, Yyy(v, 1)w) can be straightforwardly general-
ized to ¢(v), as shown in the proof of:

Proposition B.13. Choose any ¢ € A, (V)*. Then ¢ belongs to A, (V)* if and only if for each
homogeneous v € V we have

Y_(v,2)$,1) = 27" - p(v) (B.22)

Proof. Choose ¢ € A, (V)*. Since Y, commutes with Y_, we have in C[[2*!]] that

(A.32)

(20, + wtv) (Y- (v, 2)d, 1) < ([L_(0), Y- (v, 2)]b, 1)

UL ()Y (v, 2) = Y- (v, 2)L— (0))b, 1) = (V- (v, 2)(L+ (0) — L_(0))b, 1

which, by Prop. B.12, is an element of C[2*1].

Suppose ¢ € A,(V)*. Then L,(0)¢p = L_(0)$p, and hence (B.23) is 0. So
2V (Y_(v,z)d, 1) is constant over z. Thus (B.22) follows from (B.20).

Conversely, suppose that (B.22) is true. Then 2" (Y_(v, z)¢, 1) is constant over z,
and hence (B.23) equals 0. Thus, by (B.20),

(L+(0) = L(0))d,v) = (Y- (v, 1)(L1(0) = L_(0))d,1) = 0
SoLi(0)d—L_(0)p =0,ie,de A, (V) O

(.18) (B.23)
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Proof of Prop. B.8. It suffices to prove Ag(V)* = Ag(V)*. Choose any ¢ € Ag(V)* =
T3 00(V). By Prop. 3.2 and (1.7), we know that 2"*(Y_(v,2)¢, 1) is in C[[z]] and
2 (Y] (v,2)$, 1yisin C[[z']]. So 2% (Y] (v, z)d, 1) is a constant, which together with
(B.20) implies (B.22). So ¢ € Ay(V)* by Prop. B.13. O

Proof of Thm. B.9. Choose any homogeneous vectors u,v € V. For each ¢ € A(V)*,
<(|)> lop ’U> = <Y—(U)wtv—1¢> 1> = Res.—o <Y—(U7 Z)d)a 1> -2l
MReSZ:o 2 Lo (v)dz = d(v).

Soin A, (V) wehave 1o v = v, and hence vo;, 1 = v by Lem. B.11. The same can be said
about u. Thus, by Prop. B.5, in A4,,(V) we have

uorv=uor (logv) =(uopl)ogpv=uorwv.

B.3 Modules of Vand A,(V)

One advantage of A, (V) is that its representations are closely related to those of V (cf.
[Zhu96, DLM98]). In this article, we will not explore a systematic relationship between V-
modules and A,,(V)-modules. But we will reprove (or reinterpret) some classical results
in order to give the readers an impression that such topics can be neatly dealt with using
the machinery of dual fusion products.

Definition B.14. For each weak V-module W, let
Q,(W) ={weW:Y(v),w =0V homogeneous v € V, k € Z, k > wt(v) + n}

Remark B.15. Using Jacobi identity, it is easy to see that for each homogeneous v € V and
keZ,

Y (0) Q0 (W) € Q. (W) where n' = n + max{0, wtv — k — 1} (B.24)
In particular, €,,(W) is invariant under Yy (v)wty—1. Moreover, if W is an admissible V-
module, the bracket relation (1.2) implies that €2,,(W) is L(0)-invariant. So

U (W) = @) U (W) 2 W(k)
keN

Remark B.16. Suppose that W is an admissible V-module. Associate V, W', W to the
marked points 1, «0, 0 respectively. Identify #q(V@® W @ W) with VR W @ W via U(¢ —
1,1/¢,¢). Then the linear functional

ww: VW W —C
ww(v® w' ® w) = <w’7 Y (v, 1)w> - Z <w/, Y(’U)kw> (B.25)
keZ
belongs to .73 (V® W' ® W). Thus, by Thm. 3.20, there is a unique weak V x V-module
morphism
T : W QW — Na(V)

(T @w),v) = (0, Y (0, )wy (Yo eV) (B.26)
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Theorem B.17. Let W be an admissible V-module with grading operator L(0). Then there is a
(necessarily unique) representation o of Ay, (V) on Q,,(W) satisfying that for each homogeneous
v e Vand w e Q,(W),

o(v)w = Yy (v)wty—1 - w (B.27)

It was proved in [DLM98] that the same conclusion holds if W is only assumed to be
a weak V-module. We do not know how to prove this fact in our setting.

Proof. Define linear map o : V — End(Q2,(W)) by (B.27). We first show that o descends to
a linear map A, (V) — End(£,(W)). Choose any homogeneous w € €, (W). Then o(v)w
also has weight wtw by (1.2). Therefore, for each homogeneous w' € W', (o(v)w,w') is
zero if wtw' # wtw. Assume wtw’ = wtw. Then by (1.2) we have

W' o(v)wy = W', Y (v, 1)w) = (Tw(w' @w),v) (B.28)

If w € V is homogeneous and k > wt(u) + n, then v’ ® w is annihilated by Y_(u), =
1®Y (u)k, and hence Tyy(w’ ® w) is annihilated by Y_ (u). For each homogeneous v € V,

Yo (w)iTw(w' @ w), vy = Y (u)pw', Y (v, w) = Y (u)pw', Y (v)sw)

where s is such that wtu — k = wtv — s. Since w € ,(W), we have Y (v);w = 0. So the
above expression is zero. Thus Ty (v’ ® w) € A, (V)* by Cor. 3.14. Moreover, for each
we W, w' e W and homogeneous v € V,

<L+(0)Tw(w'®w v> = <Tw )w/®w U> = <w' L)Y (v)wtv— 1w>
=<w’,Y(v)Ww,1L w> <Tw w' ® L(0 v> <L 0)Tiw (v’ @ w) v>

So Tw(w' ® w) € An(V)* by (B.13). This proves that o descends to A4, (V).
Choose any u,v € V. Choose homogeneous w € W, w’ € W'. Clearly (w’, o(u)o(v)w’)
and (w’, o(u ¢ v)w) are both 0 if wtw’ # wtw. Assume wtw’ = wtw. Then

(B.6b)

);uor v) === (Y_(0)wto—1Tiw(w' @ w),u)
:<TWY,(U)WW (W' @ w) u> - <Tw W @Y (V) wtv—1w),u)
= (T (v’ @ o(v)w),u) G2 (W', o(u)o(v)w).
This proves o(u ¢ v) = o(u)o(v). O

Now we consider the other direction.

Definition B.18. Let us define a contravariant functor I';, from the category of (left)
A, (V)-module to the category of weak V-modules as follows. Let

ys,oo,n(v) = h_I)n yﬂ*,k,n(v)
keN

For each (left) A, (V)-module E we associate a weak V-module

[, (E) = Homyw) (E, 73 o0 (V) (B.29)
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whose elements are all the linear maps I : E — 73, (V) satistying
F- O(U) =Y. (’U)th,l -F (330)

for each homogeneous v € V. By Thm. 3.10 and Prop. 3.4, I';,(E) is a weak V-module if
for each v € V, k € Z we define the action of Y (v);, on F to be Y, (v); - F. We denote this
module by (T',(E), Y, ), or simply I',, (E) for short.

Remark B.19. Let W be an admissible V-module. Let E be a (left) A,,(V)-module. Let
¢ : E — Q,(W) be a (left) A,(V)-module morphism. Then ¢ induces naturally a weak
V-module morphism @ : W — Ty, (E) defined by

@ : W' — Hom,wy(E, I3 5 (V) (B.31)
W o (ecErm T ®p()) |

On the other hand, Dong-Li-Mason constructed in [DLM98] an admissible V-module
M, (E) for each A, (V)-module E, and showed that each morphism ¢ : E — Q,(W)
induces naturally a weak V-module morphism % : M, (E) — W satisfying certain good
properties. M, (E) was constructed by means of induced representations with respect
to certain universal algebras. It is reasonable to guess that the contragredient of M, (E)
is related to I',(E), and that some dual of Ng(V) (e.g. LiLnk,leN Tak1(V)) is related to a

universal algebra of V. We hope to study this topic in future work.

B.4 Comparison with the classical construction

In this section, we show that our A,,(V) agrees with the one in [DLM98]. Our discus-
sion begins with the following observation.

Remark B.20. Let o, 7 be as in Lem. B.1. Then it is not hard to see that

re HY(U,, Yann @ wpt) <« g =0 forevery k > wtv —n — 2 (B.32a)
oce HU_, Yann Quwp) <= f, =0 forevery k < wtv +n (B.32b)

Proposition B.21. H (P!, 73,,, @ w1 (1)) - V equals O,,(V) where
On(V) = Spanc{Res._g 2727 (1 + 2) 2Oy, 2 vdz : u,v e v} (B.33)

In other words, we have A, (V) = V/O, (V).

Proof. Recall that ( is the standard coordinate of C. Unlike before, we let 2 = ( — 1, which
is not standard. For each homogeneous u € V, define a section of ¥4 ® wp1 on C* — {1}:

0 = Up(¢) (¢ = 1)THECT M ud( (B.34)
By Rem. B.20, o belongs to H?(P!, ¥ 5., ® wp1 (e1)). Clearly

0-v=Res,—g 2 "2V ((1 + 2)"" "y, 2)vdz (B.35)
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for each v € V. This proves O, (V) ¢ HO(P!, ¥4 ., ® w1 (¢1)) - V.
On the other hand, by Rem. B.20, H%(P!, ¥4 .., ® wp1 (e1)) is spanned by

o= ug(C)_lf X CWt“Jr"udC
for some homogeneous u € Vand f € HY(P!, O(e1 + o)) such that
fi=0 forevery k> —2n —2 (B.36)

if f =Y, fxC" is the series expansion of f at c. So f is a linear combination of {(¢—1)*
k< —2n—2}.

Thus, to prove H (P, %, n®uwp1 (91))-V < O, (V), it suffices to prove o-v € O, (V) for
allv € V and all such 0. By linearity, it suffices to assume f = (¢ —1)* where k < —2n —2.
Namely, it suffices to prove

Res.—o 2°Y (1 4 2)""“* ", 2)vdz € O, (V)

But this can be proved in a similar way as [Zhu96, Lem. 2.1.2], as pointed out in the proof
of [DLM98, Lem. 2.1]. O

Proposition B.22. Let u, v € V be homogeneous. Then in A, (V) we have

n 1 wt(u)+n
uor v = Res,—g Z (=)™ <m;: n) %Y(u, z)vdz (B.37a)
m=0
n 1 wt(v)+m—1
uorpv = Res,— Z (=) <m7;|— n> ( +z27)”+”+1 Y (v, z)udz (B.37b)
m=0

Proof. Let U_ and U, be open discs centered at 0 and oo respectively and disjoint from
1. Choose any ¢ € A, (V). By Rem. 3.13 and Prop. 3.2, (¢,uorv) = Y_(v)wtv—1$,w)
equals (¢, 0 - u) where 0 € HO(P!, ¥p1 ® wp1 (o1 + o0 + ¢0)) satisfies

a]m =0 mod H"(Us,¥ann®@wp) (B.38a)

oly = U Q)I¢™ wd¢ mod  HO(U-, Y nn @ wpr) (B.38b)

With the help of Lem. B.1, we also have that (¢,uor v) = <Y wtu,ld),v> equals
(p,7-v)where 7 € HO(P!, #p1 ® wpi (el + e + «0)) satisfies

=Uy(Q) 1™ wd¢ mod  H(Up, Yan, ®wpr) (B.39a)
=0 mod H(U_,%ann®uwp) (B.39b)

T‘U+
T’U,

Using Rem. B.20, one checks that the following o and 7 satisfy the desired conditions:

n m+ n) th(v)+m—1
Z o v (B.40a)
m=0 ( (C - 1) Fntl
- o n Cm(mAn th(u+ ‘
T =U,(C) mZO( 1) ( ; ) @ Ty ud( (B.40b)
(To check (B.38b) and (B.39a), one also needs the binomial formula in [DLM98, Prop. 5.2].)
o -uand 7 - v are clearly equal to the RHS of (B.37b) and (B.37a) respectively. O
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Remark B.23. In [DLM98], the RHS of (B.37a) is given as the definition of the multiplica-
tion operation ¢ of A, (V). The RHS of (B.37b) appears in [DLM98, Lem. 2.1-(ii)].

Proposition B.24. For each v € V, the following relation holds in A, (V):
copv—vopc= (L(0)+ L(—1))v (B.41)
Thus A, (V) = A,(V)/{(L(0) + L(~1))v : v e V}.

Proof. We know that Z,,(V) is spanned by all c o1, v — v og ¢. Choose any ¢ € A, (V)%
Then

(p,copv—vogpecy={(Yi(c)1 —Y_(c)1)d,v)

equals — (o *; ¢ + 0 *_ ¢,v) where 0 € HO(PL, ¥ ® wp1(eo0 + 0)) is defined by o =
U,(¢)7Le - ¢d( (recall Lem. B.1). So it equals (¢, - v) by Rem. 3.13. Clearly o - v =
(L(0) + L(—1))v. O

87



Index

(M, N)-pointed compact Riemann surface, modules, 16

25 Weak Vi x --- x Vy-modules, 17
Cy-cofinite VOAs, 16 Weakly-admissible modules, 61
N-pointed compact Riemann surfaces

(with local coordinates), 21 An(V), 79
V,(ni), the pushforward, 24
Nfgra dablepV1 % -+ x Vy-module, 67 c, the conformal vector, 16

Cy, = 7 (b), 24
Conf™(X), 13
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formly (a.l.u.), 15 ’

Critical locus ¥, 35 E(kS),E(eS), 14
Discriminant locus A = 7(X), 35
Dual fusion products Nx (W), 26 Flo= Flo = Fo/mx o - Fu, 14
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surfaces (with local coordinates),
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Families with compact Riemann surfaces, Homy, «...xv, (W, M), 17
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Finitely generated weak V*¥-modules, 18 _#, _#P*, 30
Generalized U-module: lower-truncated, J(b), 30
grading-restricted, 75 ~ ~ ~ ~
Generating subsets of weak V*¥-modules, L;(0), L(0) = L1(0) +--- + Ln(0), 18
18
holomorphic family of transformation, 20
Homogeneous, L,.(0)-homogeneous vec- q{“(o) > @4, 36

tors, 18
Incoming points, 25 S, the normalized sewing, 37
Local coordinates, 21 Sx(b) = Sx,, 28
Local coordnates, 23 Sx=a(B)+---+n(B), 23,27
Outgoing points, 25 Sy=x1+w2+ - +xN,21,25
Partial conformal blocks, 26
Residue action, 22, 29 Ix(W), the space of coinvariants, 22
Sewing compact Riemann surfaces, 32 7y (W), the space of conformal blocks, 22
Sewing Riemann surfaces along pairs of x.ai.ay(W) and its dual sheaf
points, 32 y%*,al,--- an (W), 30

Truncated (dual) X-fusion product, 26

Univalent functions, 20 ZWZ)’ZO h ition function of sheaf of
Weak V-modules, finitely admissible V- (e(nlp )\)/’ Ct) Ae t;‘gnsmon unction of sheaf o
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U,(n), the trivialization of sheaf of VOA, 21

U;j(p), U(p), the change of coordinate oper-
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U ), 26

Yo, 7/5”, sheaves of VOA, 21
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Nx(W), 26

W(n) = ®n1+---+m\;:n W(nl, e ,nN), 18
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W2 (W), 26,28
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X, the fiber of X at b, 24

Xy, the restriction of X to the open subset
V< B, 27

Y., Y., 79
Yy (v, 2), Yy (v)g, 17
Yw,;=Y;, 17

wc, cotangent sheaf of C, 21

We B, the relative dualizing sheaf, 24, 36

Yz, 20

2,174, 05, i, the pullback of the sections
Gi, 7j, the local coordinate 6;, and
the projection 7 in propagation, 42

12X: double propagation of X, 48
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